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Abstract 

Let (Sfc)fc^i be the classical Bernoulli random walk on the integer line with jump 
parameters p £ (0,1) and q = 1 — p. The probability distribution of the sojourn 
time of the walk in the set of non-negative integers up to a fixed time is well-known, 
but its expression is not simple. By modifying slightly this sojourn time-through 
a particular counting process of the zeros of the walk as done by Chung & Feller 
["On fluctuations in coin-tossings" , Proc. Nat. Acad. Sci. U.S.A. 35 (1949), 605- 
608]-, simpler representations may be obtained for its probability distribution. In the 
aforementioned article, only the symmetric case (p — q — 1/2) is considered. This is 
the discrete counterpart to the famous Paul Levy's arcsine law for Brownian motion. 

In the present paper, we write out a representation for this probability distribution 
in the general case together with others related to the random walk subject to a 
possible conditioning. The main tool is the use of generating functions. 
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1 Introduction 



Let (Xfc)fc^i be a sequence of Bernoulli random variables with parameters p = P{X& = 1} E 
(0, 1) and q = 1 — p = f{X k = —1}, and (S k )k^o be the random walk defined on the set 
of integers Z = {. . . , -1, 0, 1, . . . } as S k = So + 
For brevity, we write Pj = P{. . . \Sq = i} and Pq = P 



-iXj, k ^ 1 with initial location Sq. 



The probability distribution of the sojourn time of the walk (S k )k^o m 



^nf0,+oo) 



up to a fixed step n ^ 1, N n = Yll=o ^+ (Sj) = #{j E {0, . . . , n} : Sj ^ 0}, is well-known. 
A representation for this probability distribution can be derived with the aid of Sparre 
Andersen's theorem (see [8] and, e.g., Chap. IV, §20]). This latter can be stated 
according as the remarkable relationship, setting Nq = 0, 

W{N n = k} = ¥{N k = k}F{N n _ k = 0} for < k sC n 

where the probabilities P{iVjt = 0} and ¥{N k = k}, k E N, are implicitly known through 
their generating functions: 



n^k = 0}z k = exp HSk < 0} — 



k=0 



vfcn 



n^k = k}z k = exp ¥ {Sk >0}- 



k=0 



fc=l 



k=l 



Nevertheless, the result is not so simple. Rescaling the random walk and passing to the 
limit, we get the most famous Paul Levy's arcsine law for Brownian motion. 

By modifying slightly the counting process of the positive terms of the random walk 
as done by Chung & Feller (see and, e.g., Chap. Ill, §4] and [H Chap. 8, §11]), an 
alternative sojourn time of the walk (Sk)k^N in Z + up to n can be defined as T n = Y^=i $j 
with 

' 1 if (Sj > 0) or (Sj = and Sj-i > 0), 
if (Sj < 0) or (Sj = and Sj-i < 0). 

We put To = 0. We obviously have ^ T n ^ n. In T n , n ^ 1, one counts each step j 
such that Sj > and only those steps such that Sj = which correspond to a downstep: 
Sj-i = 1. This convention is described in [3] (and, e.g., in [5] and [6]) in the symmetric 
case p = q = 1/2 when n is an even integer and, as written in [3]— "The elegance of the 
results to be announced depends on this convention" (sic)-, it produces a remarkable result. 
Indeed, in this case, the sojourn time is even and its probability distribution takes the 
simple following form: for even integers k such that ^ k ^ n, as in Sparre Andersen's 
theorem, 



P{T n = k}= P{T k = A:}P{T n _ fe = 0} 



1 



k 
k/2 



71 



(n 



~k) 
fc)/2 
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In this paper, we derive explicit expressions for the probability distribution of T n in 
any case, that is for any p G (0, 1) and any integer (even or odd) n ^ 1. The main results 
are displayed in Theorems 14.21 and 15.31 We also compute the distribution of T n under 
various constraints at the last step: S n = 0, S n > or S n < 0. The constraint S n = 
(with S n = 0) corresponds to the bridge of the random walk. The related results are 
respectively included in Theorems 16.21 and 17.31 We examine in details several examples 
corresponding to the cases n G {0, 1, 2, . . . , 8}. The main tool for this study is the use of 
generating functions together with clever algebra. The intermediate results are contained 
in Theorems 14. 1 1 [5TT1 16.11 and 17.11 For several results, we find it interesting to produce two 
or three proofs. Certain are direct while others rely on recursive properties. 

Finally, be rescaling suitably the random walk, we retrieve the distribution of the 
sojourn time in (0, +oo) for the Brownian motion with a possible drift. This includes of 
course the famous Paul Levy's arcsine law for undrifted Brownian motion. 

Although this problem is old and classical, we are surprised not to have found any 
related reference in the literature. 



2 Settings and mathematical background 



2.1 Some preliminary identities 



Let N = Z + = {0, 1, 2, . . . } be the usual set of non-negative integers, N* = Z+* = N\{0} = 
{1, 2, 3, ... } that of positive integers, Z~* = {. . . , —3, —2, —1} that of negative integers 
and Z* = Z \ {0}. Let £ = {0,2,4,...} denote the set of even non-negative integers, 
£ * = £ \ {0} = {2, 4, 6, ... } the set of even positive integers and O = {1, 3, 5, . . . } the set 
of odd positive integers. Set, for suitable real z, 

A(z) = yl - 4z 2 and A(z) = y/l — 4pqz 2 . 

Set also for i G £ 

ai = ^G/2) = 4^TT)G+ + 2)/ 2 ) ^ ^ = (* + 2)a,,= Q 2 
We shall make use of the following elementary identities. 

Proposition 2.1 For any z such that \z\ < 1/2, 

i (S ) = vn?=-E^(,; 2 )^.-4E 



ai-2Z , 



(2.1) 



We have the following convolution relationships. 



Proposition 2.2 For any even integer i ^ 0, 



^ djdi-j = i a i+2 and ^ ajbi-j = j h+2- (2.2) 



2 ^ ^ J J 4 
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Proof. The generating function of the left-hand side of the first equality in (|2.2p can be 
evaluated as 



E(e^.-^ , = (E^') 2 = (t) 2 

icf V iff: / V .'cf / \ / 



ie£ v je£- ' x ie£ 

= -L(l-2z 2 -A(z)) = ^a l+2 z\ 

i<=S 

By identification of the coefficients of the foregoing generating functions, we immediately 
obtained the first equality in (|2.2p . Analogously, for the second equality in (|2.2p . 



l-A(z) 



1 1 < 



4z 2 A(z) 4z 2 4 ^ g 

and the second equality in (|2.2|) holds. ■ 
We shall also use the identity below. 

Proposition 2.3 For any x and y such that \x\ < 1/2 and \y\ < 1/2, 

1 



A(x) + A(y) .. e£ 



1 ^(») - My) ~ 

Proof. Let us write , . , 77 - T = , . „ rr— . On one hand, 

A(x) + A(y) 4(y 2 - x 2 ) 



"■■j-'-'n J - (2-3) 



fce£ 



fc + 2 _ x k+2 ) 



On the other hand, 



i i^H~2 ™fc-|-2 _____ 

— 2 — a - = X x y ■ 

Therefore, 



^ _C fflfe x% y 3 = a i+j x % y 3 . 



A(x) + A(y) 

i+j — k 



2.2 Some well-known identities on random walks 

Here, we recall several well-known formulas in the theory of random walks. We refer, e.g., 
to [9]. We have, for j 6 Z and fcsN such that \j\ ^ k and k — j £ £, 

nS k = j} = ( ( . ^ )/2 y +fe)/ V fc - j)/2 . (2.4) 
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Using the representation {^+i)/2) = we have in particular 

pre _m_J h(PQ) k/2 iffc 

is even, 

n*fc - °> - { o if fe is odd, 

r i 6 p (*+i)/2 (fc-i)/2 iffcisodd) 

P{5 fe = l}=P_i{5 Jfe = 0}= 2 k+lP (2.5) 



¥{S k = -1} = P^ = 0} 



if k is even, 

ibfc+iP^" 1 )/ 2 ?^ 1 )/ 2 if fe is odd, 
if /c is even. 



We define several generating functions. For j G Z, let ifj be the generating function 
of the P{S k =j},fc£N, and, for i G Z, i?f be the generating function of the Pi{S k G F}, 
fc G N: 

oo oo 

= ^P{S fc = j}z fc and H[(z) = G = £ (2.6) 

fc=0 fc=0 jeF-i 

where -F — i is the set of the numbers of the form j — i,i €. F. We explicitly have 

1 fl - A(z)\ j 1 / 2pz V 

1 ^l-A(z)V J '_ 1 f 2gz V' 1 ifj<0 



L A(z) V 2pz / A(z)Vl + A(z) 

We need to introduce the first hitting time of a level a G Z for the random walk: 
r a = min{n ^ 1 : S n = a}. The probability distribution of r a for a G Z* can be expressed 
by means of the probabilities P{5^ = a}, fc G N, according as 

P{r a = fc} = ^P{S fe = a} = x( (fc+ A: a)/2 )p (fe+a)/2 9 (fe ~ a)/2 ^ fc ^ |a|. (2.8) 
In some particular cases, we have for k G £*: 

Tt = P{T0 = l) = _i_Q 2 ) (p# / 2 

(and we set ttq = and 7T& = for k G 0) and for k G 0: 

^^>-K(*+D/> <i+,,/29<l " 1,/2 ' 

1'— fc t4((, + \)/2)" (t - 1)/2 ' <fc+1,/2 
We sum up these formulas as follows: 

• for k G £* , 

7T fc = 4a fc _ 2 ( M ) fc / 2 ; (2.9) 



for k G 0, 



P{ n = &} = P-i{r = fe} = 7T k+1 = 2pa k - l {pq)^l\ 

P{r_! = /c} = Pi{r = fc} = ^vr fc+1 = 2q a^pq)^' 2 . 

Ip 



(2.10) 
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Remark 2.4 The convolution identities (|2.2p can be interpreted as Darling-Siegert-type 
equations (see, e.g., 0]) which are due to the Markov property of the random walk. More 
precisely, the second identity of (|2.2[) is the analytic form of the probabilistic equality 

P{S n = 0} = = jMSn-j = 0} 

iefi: 

which is obtained by remarking that a trajectory starting at zero and terminating at zero 
at time n necessarily passes through zero at a time equal to or less than n and then tq ^ n. 
The first identity of (|2.2p is the analytic form of the probabilistic equality 

P{r 2 = n}= p { r i = i} p { T i =n-j} 

which is obtained by observing that a trajectory starting at zero and passing at level two 
at time n for the first time necessarily crosses level one at a time less than n: t\ < n. ■ 



The corresponding generating functions K a defined as 



K a (z)=E(z T ")=Y / F{r a = k}; 



fc=i 



are explicitly expressed by 



( {1-A(z)\ a 



K a {z) 



2qz 
1-A(z)^ a| 



2pz 
I l-A(z) 



if a ^ 1, 

if a ^ — 1, 
if a = 0. 



(2.11) 



We state a last elementary result. Noticing, by the Markov property, that P{to = j, S\ > 0} 
= pPi{r = j - 1} and P{r = j, Si < 0} = gPi{r = j - 1}, we get, by QZM, 



'{to = j, Si > 0} = P{r = j, 5i < 0} = - 7r r 



(2.12) 



2.3 Purpose of the article 

The aim of this paper is to compute the probabilities 

r£ n = ¥{T n = k,S n eF},0^k^n, 

in the four cases F = Z, F = {0}, F = Z + * and F = Z~*. The corresponding results 
are displayed in Theorems 15.11 16.11 and 17.11 For this, we write out a recurrence relation 
(see Proposition 13. X j) from which we derive the result. We provide two approaches: one 
hinges on a method by induction, the other-which is more constructive-consists of first 
calculating the generating function Gf of the r^ n 's: 

k ^ n 

and next of inverting this function. Notice that r<^ = l_p(0) and for n ^ 1, the events 
{T n = 0} and {T n = n} respectively coincide with {S\ ^ 0, . . . , S n ^ 0} = {t% > n} and 
{Si ^ 0, . . . , S n ^ 0} = {t_i > n}. Therefore, for n ^ 1, 

r o,n = p { T i > n,S n e F} and r£ n = P{r_x > n, S n e F}. (2.13) 
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The particular probabilities r F n and r F n , n G N, are generated by the partial functions of 
G F , namely 

G F (x,0) = Y / < n x k and G F (0, y) = £ r F n y». (2.14) 

raSN n£N 



3 A recurrence relationship 

As in [3], we state the recursive relationship below. 

Proposition 3.1 The following relationship holds for 1 ^ k ^ n — 1: 



(3.1) 



For /c = and k = n, the corresponding r F n admit the following representations: 
r F n = F{S n £ F}-±Y1 Kj+iMSu-j G F}, 

^ JSO: 



(3.2) 



r F 



n = F{S n eF}-^-Yl Kj+iV-iiS*-, e F}, 



i/2 



where ttj = Aaj^ipq) 

Proof. Let us consider the event {T n = k}. If 1 ^ k ^ n — 1, the random walk passes 
through level before the step n, that is 1 ^ To ^ n — 1. Then T n = J2]°=i $j + ^1 n wriere 
^k,n = Y^j=T +i &r Now, if the first step is positive (Si > 0), then T n = tq + T' k n and if 
the first step is negative (Si < 0), then T n = T' k . This discussion yields, with the aid of 
the Markov property, 

n-l 

r£ n = P{T n = A;,S n G F, 1 < r < n - 1} = £>{T n = k,S n G F,r = j} 

i=i 

= P{r = j, Si > 0}P{T n _ j = k-j, S n -j G F} 
+ P{r = j, Si < 0}P{T n _ j = k, Sn-j G F}. 

jS£*: 
j^.n — k 

We conclude that ([3T]) holds thanks to (j2TT2j) . 

For the cases = and = n, by (j2. 13fl . the probabilities of interest can be expressed 
as follows: 



r F 

r 0,n 



P{S n G F} — P{n a,S„£F} = P{S n G F} - ^P{n = ijPiiS,^,- G F}, 



r£„ = P{S n G F} - P{r_i < n, S n G F} = P{S n G F} - ^P{r_i = i}P_!{S n _,- G F}. 

In view of (f2T0j) . this proves (f!T2]) . ■ 

The relationships (|3.1j) and (|3.2[) allow to exhibit an explicit expression for G F . 



8 



Theorem 3.2 The generating function G can be written as 

G F (x s = [1 + A(x)]G F (x, 0) + [1 + A(y)]G F (0, y) - 21 F (0) 

1 ' A(x) + A(y) 1 ' J 



where A(z) = \J\ — 4pqz 2 . The quantities G F (x,0) and G F (0,y) can be expressed as 
G F (x,0) = H F {x)- 1 ~^ X) HE^x) and G F (0, y) = H F (y)- 1 ~ H F (x) (3.4) 
where H F ' , H F and H F l are defined by \2. 6\) . 
Proof. We decompose the sum defining G F into four parts: 



-A- 



G F (*,y) = E<^ + E<n* n -<o + E r ln* k y n ~ 

neN nGN fc,n6N: 

= G F (x,0) + G F (0,y)-l F (0)+ £ r£ n sV- fc - (3-5) 



*;,n£N: 

l<fc<n-l 



In view of (|3.ip . the sum in (|3.5p can be written as 

E r F k n-k _ 1 ST tt ■ v F T k „ n - k V ir r F T fc 

2/ — r, 2-^1 3 r k-j,n-j x V + r k,n~j x 



fe,n6N: 



(3.6) 



We have 



r k-j,n-j xk y n k — E ^ ^ E r k-j,n-j xk 

j,fc,nS£*: jG£* fc,nS£*: 

= E ^ sJ E O v~* 

= K (x)[G F (x,y)-G F (x,0)} (3.7) 
where i^o is defined in (|2.1ip . Similarly, 



E ^ r ln-j xk y n k = E ^ yi E r in-j xk y 
= E ^ y J E r ln xk y n ~ 



(n-i)-fc 



^ (y)[G F (x,y)-G F (0,y)]. (3.8) 



By plugging (|3.7p and (|3.8p into (|3.6p and next into (|3.5p . we obtain the equation for 
G F (x,y) 

G F (x,y) = [l-I^ (x)]G F (x,0)+[l-^o(y)]G F (0,y)-l F (0)+i[^ (x)+E:o(y)]G F (x,y) 



from which we immediately extract the result (|3.3[) . 

Concerning the terms G F (x,0) and G F (0,y), we have by (|2.14p and (|3.2 



G F (X,0) = E<n^" = E P ^« G " T E E ^+lP-l{5n-i G F}C 



2p ^ 



The first sum in the above equality is Hq(x) while the second can be computed as follows: 
by (EIO]), 

E e F}x n = E 7r i+ iaJ £ P-i{S n -j G F}x n ~1 

= 2p^ Hr-i = j}x j E P-i{5n G 
jeO nGN 

= 2pK. 1 (x)H^ 1 (x) 

and the expression of G F (x,0) in (|3.4p ensues. The derivation of that of G F (0,y) is quite 
similar. The proof of Theorem [3721 is finished. ■ 



4 The case F = {j} for j G Z* 

We suppose that F = {j} for a fixed j G Z*. So, we are dealing with a random walk 
with a prescribed location after the nth step. The case where j = will be considered in 
Section We set for simplicity rP^ = i4 and Cr^^x, y) = G^(x,y), H^(z) = Hf(z). 



4.1 Generating function 



In order to write the generating function G J (x,g/), in view of (|3.3p . we need to know that 
Hj(z) = Hj_i(z) and to evaluate the functions G^(x,0) and G^(0,y). We have 

1 - A(x) 



G J (x,0) = H J Q (x) 



2px 



But 



2px 



Then, for j G 



and, for j G 



G j (x,0) = H J (x) 



1 + A(x) 



ffg'(s) ifjGZ+*, 



2px 



1 - A(x) 

1 — A(x) 2px 



G j (x,0) = H J {x) 



2px 1 + A(x 
1 — A(x) 2px 



2Kj(x) 
1 + A(x) 



Similarly, we have 



2px 1 — A(x) 
2K 3 {y) 



0. 



if j G 



G*(0,y) = 

From this and (|3.3p . we immediately derive the function G(x,y). 



i + Mv) 

if j G Z+*. 



Theorem 4.1 The generating function G is given by 



&(x,y) 



2Kj(x) 



A(x) + A(y) 
2Kj(y) 
{ A(x)+A(y) 



where A(z) = yl — 4pgz 2 . 



(4.1) 
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4.2 Distribution of the sojourn time 



We now invert the generating function G 1 given by (|4.ip in order to derive the coefficients 



k,n' 



Theorem 4.2 The probability ri = P{T n = k,S n = j} admits the following expression: 
for ^ k ^ n such that n — k is even, 
if 3 > 1- 



k,n 



if 3 < -1- 



i£N: 
j^i^k, 



i \(i + j)/2 



p{n+j)/2 q (n j)/2 if j <^ an d k- j is even, 



if j > k or k — j is odd; 



(4.2) 



fc,n 



" \ , ) p (n+i)/2 g (n - j)/2 ifj^k-nandk-j is even, 
/ \U + j)/2/ 
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if j < k — n or k — j is odd, 



(4.3) 



where a,- 



1 



/or i £ £. 



i + 2 \i/2; 

Proof. Assume first that j ^ 1. We expand G^(x,y) by using (|2.3p : 



G^(x,y) = 2^P{r J =i}x i 

i=0 l,m££ 



a i+m x l y m 



2 a l+m ¥{T j = i}x l+l y m . 



By performing the transformations i + 1 = k and m = n — k in the last sum, we get 



k — i££,n — k££ 



n — k££ k — i££ 



We finally obtain fj4.2[) by identifying the coefficients of the two expansions of G J and 
using (|2.8p . For the case where j ^ —1, we invoke an argument of duality which is 
explained in Remark 14.31 below. The expression of ri for j ^ — 1 can be deduced from 
that related to the case where j ^ 1 by interchanging p and q, k and n — k, j and — j, and 
this proves ()4.3p . ■ 



Remark 4.3 Let us introduce the dual random walk (S* ) n ^o with = Ylj=i Xj = ~$k- 
This sequence is the Bernoulli random walk with interchanged parameters q = ¥{Xj = +1} 
and p = ¥{X* = — 1}. The corresponding sojourn time is defined as T* = Y^j=\ &j W1 th 

1 if (S* > 0) or (S* = and S*^ > 0), 

if (S* < 0) or (S* = and S*_ x < 0), 

1 if (Sj < 0) or (Sj = and Sj-i < 0), 
if (Sj > 0) or = and > 0). 

We see that 5* = l — 6j and then T* = n-T n which implies r J k n = P{T* = n - k,S* = -j}. 

As a result, the probability r| can be deduced from the probability r~£ fc n by interchang- 
ing p and g. ■ 
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5 The case F = Z (random walk without conditioning) 



In this part, we study the sojourn time without conditioning the extremity of the ran- 
dom walk. This corresponds to the case F = Z. We set for simplifying the notations 
r kn = r k,n and G z (x,y) = G(x,y). A possible expression for the r^^'s can be obtained 
from Theorem 14,21 bv summing the ri , j £ Z. Actually, rL = for \j\ > n; so, 

n 

j=-n 

We propose another representation which can be deduced from the generating function G. 



5.1 Generating function 



In order to derive the generating function G(x,y), in view of (|3.3|) . we need to evaluate 
the functions Hf(z), G(x,Q) and G(0,y). On one hand, by (f277D . 



Hf(z)= £ H j {z) = Y,H j {z) 
jez-i j& 



1 



A(z) 
1 

A(z) 
1 

Afi) 



E 



l-A(z) 



2pz 

l-A(z) 1 



+E 



1 - A(z) 



+ 



2qz 

1 - AO) 1 



+ 1 



2pz i _ !- A ^) 2gz i _ !- A ( z ) 
l-A(z) l-A(z) ■ 



+ 1 



2pz - 1 + A(z) 2gz - 1 + A(z) 
We have 

[2pz - 1 + A(z)][2qz - 1 + A(z)] = 4pqz 2 - 2z + 1 + 2{z - l)A(z) + A(z) 2 

= 2(1- 2 )[1-A(4 (5.1) 

Then 



Hf(z) 



1 



A(z) 



2gz - 1 + A(z) 2pz - 1 + A(z) + 1 



2(1 -z) 2(1 -z) 

The term within the brackets equals A(z)/(1 — z) and thus, for any i€Z, 

1 



1-z 



Notice that the value of Hf(z) may be deduced through a shorter way from its own 
definition: 



Hf{ Z ) = jr p,{s fc g i}z k = f> fc = ^ 

k=0 k=0 



On the other hand, by ([37 
G(x,0) = H-(x)- 1 -^ 



H\(x) 



1 — x 



l-A(x) 



2px 



2px — 1 + A(x) 
2px(l — x) 



Similarly, 



G(0,y) 



2qy-l + A{y) 

2gy(i - y) 



We can then write out G(x,y). 
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Theorem 5.1 The generating function G is given by 



G(x,y) 



A(x) + A(y) 



2p - 1 + A(x) 2q - 1 + A(y) 



1 - x 



+ 



i-y 



where A{z) = yl — 4pqz 2 . 



(5.2) 



Proof. We have by 



G(x,y) 



[1 + A(x)]G(x, 0) + [1 + A(y)]G(0, y) - 2 



A(x) + A(y) 

Let us compute the terms [1 + A(x)]G(x, 0) and [1 + A(y)]G(0, y). We have 

[1 + A(x)][2px - 1 + A(x)] = 2px - 1 + 2pxA(x) + A(x) 2 = 2jwc[l - 2qx + A(x)] 
and then 

[1 + A(x)]G(x,0) 

Similarly, 

[l + A(y)]G(0,y) 

Therefore, we get 



1 - 2qx + A(x) 
1 - x 

l-2py + A(y) 

i-y 



[1 + A(x)}G(x, 0) + [1 + A(y)]G(0, y) - 2 
1 — 2<?x 1 — 2py 



1 — x 



+ 



1-2/ 



| A(g) A(y) 
1 — x 1 — y 



1-2,* \ (1^** ' 



1 — X 



i-y 



, A(a;) A(y) 
1 — x 1 — y 



2p - 1 + A(x) 2q-l + A(y) 



1 — x 

from which we obtain (15.21). 



+ 



i-y 



An interesting consequence of Theorem 15.11 concerns the "partial" generating function 
G of the probabilities r& i0 limited to the even indices and n: 

G(x,y) = ^ a. n x fe y n_fc - 
For this function, we have the simple result below. 



Corollary 5.2 The generating function G is given by 

Apq 



G(x,y) 



[l-2p + A(x)][l-2q + A(y)] 
where A(z) = \/l — 4pqz 2 . In particular, 

G(x,y) = G(x,0)G(0,y). 



(5.3) 



(5.4) 
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Proof. We first try to relate G to G. For this, we observe that 
h G (x,y) + G(-x,-y)}= £ 1 + r k , n x k y n ~ k 



53 r k, n x k y n k . 



k ?i 



k£N,n£S : 



We know that, for all even integer n, if k is odd, then r^^ n = 0. We therefore have checked 
that 



G(x,y) = ^[G(x,y) + G(-x,-y)]. 



Thus, 

We have now 

and similarly, 
This gives 



G(x,y) 



1 



A(a;) + A(y) 



2p-l + A(x) + 2g - 1 + A(y) 



1 — x 2 



2p-l + A(x) 



4pq ■ 



1-2/2 



1 - x l 



(2p - l) 2 - A(x) ; 
2p-l- A(s) ^ 1 - 2p + A(x) 



G(s,y) 



2q-l + A(y) = 4pq 
Apq 



i-y 2 



A(x) + A(y) 



l-2 9 + A(y) 
1 1 



+ 



l-2p + A(x) l-2g + A(y)_ 

which in turn, with [1 - 2p + A(x)] + [1 - 2q + A(y)] = A(x) + A(y), yields ([B3|) . This 
formula supplies in particular 



G(x,0) 



2q 



l-2p + A(x) 
and we immediately obtain (|5.4p . ■ 



and G(0, y) 



2p 



l-2q + A(y) 



5.2 Distribution of the sojourn time 

In this part, we invert the generating function G given by (|5.2p in order to derive the 
coefficients r^ n . 

Theorem 5.3 The probability n = P{T„ = k} admits the following expression: for 
^ k < n, 



rk,n = h(n- k) 
+ Mk) 



2p £ o i ( M ) < / 2 -4 £ ( J]) o*^) (P?)* /a+1 



ieS: i£E: ^ jS£: ' 



(5.5) 



k^.i^.n — 2 j^.i — k 



where a,- 



1 / i 



i + 2 VV 2 



for i £ £. More specifically, 
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• For odd n: 



n — fc^i^n — 3 j^i-\-k — n 



2p £ a 4 (pg) t/2 -4 £ ( £ ) W /2+1 

n — fc^isCn— 1 

i/ /c is odd, 

2q £ ^W /2 -4 £ ( £ ) (W) i/a+1 

k^-i^n — 1 

«/ /c is even; 



iS£: v jG£: 



For even n: 



n — k^~i^n 



fc < z < n fc < i sC n — 2 1 5i i — fc 



if k is even, 
Q if k is odd. 



Proof. Rewrite (15.21) as 



G(x,y) 



1 



1 - A(x) 1 



+ 



2p 

1 — x A(x) + A(y) 1-x A(x) + A(y) 
2q 1 l-A(y) 1 



1 - y A(x) + A(y) l-y A(x) + A(y)' 



We expand the first term of (|5l8]). By (j2JJ) and (|2T3|) . 
2p 1 



1 - x A(x) + A(y) 



2 p( E ( E 

j,l<=£,m£N 

2P £ E Oi+lMW 



x k y n k 



j-\-m=k,l = n — k 



E (^) (n ~ m)/2 



= 2 P E 

fc,n£N 

= 2p £ l £ (n-fc) E a *(^r /2 
Let us explain certain transformations made in the above calculations: 



(5.6) 



(5.7) 



(5.8) 



(5.9) 
(5.10) 
(5.11) 



1. In (|5.9p . we have introduced the indices k = j + m and n = j + l + m. Then j = k — m 
and I = n — k, the conditions j,l G £ are equivalent to k — m ^ 0, n—k ^ 0, k — m G £, 
n — k £ £ , ormO^i,?!- k £ £,n — m £ £. This leads to (|5.10p ; 



2. From (foTTUD to ([5TTTT) . we have put 



i = n — m. 
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We expand the second term of IpTS]) . By (JOj and (IP) . 



1 - A(x) 1 
1 — x A(x)+A(y) 



4 ( E * m ) ( E ^(w)' 72 *') ( E ^(w)°* )/2 *v) 



fc.neN 



^ ai- 2 a j+ i(pq) 



(i+j+l)/2 



i-\-j-\-m — k,l—n — k 



x k y n ~ k 



(5.12) 



k.nef- 



4 E E a^an-^iipq)^-^' 2 



k^n,n — k££ i-\-m^k,i + n — mG£ 



4 E E E ^«™W n - m)/2 



fc.riGN: L m£N: v 
k^n,n — k££ n — m££ i-Ck — m 



x k y n ~ k 



4 E E E «,«n- m -,- 2 )^) ( "- m)/2 



ks^n,n — k££ n — m £ £ j^k — m — 2 



4 E E ( E <¥w-;W"^ )/a+1 

fc,n6N: L m gN\{0,l}: ^ j£S: ' 



x k y n k 



X kyU k 



k^.n,n — k££ n — m£.£ j^k — m 



4 £ l*(n-fc)[ £ ( £ aja^j) faff/™ 



Let us explain the transformations used in the above computations: 



(5.13) 
(5.14) 
(5.15) 
(5.16) 
(5.17) 



1. In (|5.12p . we have introduced the indices k = i + j + m and n = % + j + I + m. 
Then j = —i + k — m,l = n — k and i £ £, the conditions j, Z £ £ are equivalent to 
k — i — m ^ 0,n — k ^ 0,k — i — m G £,n — k G £, ori+m ^ fc n,n — k G £,n — m G £. 
This leads to (| 5 . 1 3 p : 



2. From (f5TT4"j) to (f5TT5|) . we have put i = j + 2; 

3. From (|5.15p to (|5.16p . we have changed m into m — 2; 

4. From (|5.16p to (|5.17p . we have put i = n — in. 



By invoking the argument of duality which is explained in Remark 14.31 the two last 
terms of (|5.8|) can be deduced from the two first ones by interchanging p and q, and x and 
y (that is k and n — k). This yields 



2q 



1 



1-y A(x)+A(y) 

1-A(t/) 1 
l-y A(x) + A{y) 



x k y n k , 



2q M*0 E <P^ 12 

4 E E ( E ^-;)w /2+1 



(5.18) 



fc,n£N: 
A- ?i 



i^.n — 2 j^i — k 



x k y n ~ k . (5.19) 



By identifying the coefficients of the series lying in the definition of G and in (|5.1ip , (|5.17p , 
([SISD and (pngjl . we extract (J52J). ■ 



16 



Corollary 5.4 The probabilities 

r ,n = P{T n = 0} = P{5 X ^ 0, . . . , S n < 0} = P{n > n}, 
r n , n = P{T n = n}= P{5i > 0, . . . , S n ^ 0} = P{r_i > n} 

are given by 

r , n = l-2pJ2 ai{pq) i/2 and r n , n = 1 - 2q ^ a^g)^ 2 . (5.20) 



The probabilities 

ri, n = P{T n = 1} = P{5i < 0, . . . , S n -l ^ 0, S n > 0} = P{n = n}, 
r„-i,n = P{T n = n - 1} = P{5i > 0, . . . , S n ^ ^0,S n <0}= P{r_i = n} 

are given fry r i,n = ?"n-l,n = if n is even and, if n is odd, 

r 1 , n = 2a n _ 1 p(" +1 )/ 2 g("- 1 )/ 2 and r n _ ljn = 2a n _x p^ 1 )/ 2 ^ 1 )/ 2 . (5.21) 

We propose three proofs of (|5.20p . 

First proof. Formulas (|5.2ip can be easily deduced from (|5.6p and (|5.7p . Now, we 
deduce ()5.20p from Theorem 15.31 We only consider the probability r n>n , the computations 
related to ro, n being quite analogous. 

If n is odd, (|5.6[) gives 

r n , n = 2 P Yl «'W /2 - 4 E (E i°*-i)(M) i/2+1 

= (2-2q) ]T a 4 ( M ) 4 / 2 -2 £ a J+2 ( M ) l / 2+1 
= {2-2q) Y, <m) ll2 -2 Y CLi(pqf 2 

i ^ n — 1 z^n— 1 

= 1 - 2q J2 «i(P?) i/2 - 



If n is even, (|5.7p gives 

r n , n = 2p^a J ( M r/ 2 + 2oa n ( M r/ 2 -4 £ ( £ 0i a^ (pg)^ 1 

= (2 - 2o) ^ OiCpg)*/ 2 + 2qa n (pqf 2 - 2 £ a^pg)^ 1 

i^n i^ri — 2 

= 2 2 «i(P9) V2 "2g E ai (pqf 2 - 2 Y *i(PV) i/2 

i£€: i€€: i£S* : 



— 2 i<n — 1 
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Second proof. Another proof of (|5.20p consists of considering the generating function 
of the r„ )n 's, n G N, which is nothing but G{x, 0) as observed in (|2,14p . Indeed, we have 
by flO 



G(x,0) 



2px - 1 + A(x) 1 1 - A(x) 



2px(l — x) 1 — x 2px(l — x) 



1/2^,1+771+1 



m£N ie£,meN 

^x"-2g^ C <H(pq) i/2 )x n 

neN n6N* ^ *s£: ' 

Ef 1 -^ E *(p?) i/2 V- 



i^n— 1 



From this and (|2.14p . we obtain the expression (|5.20p related to r nj „ by identification. ■ 
Third proof. A direct proof for deriving (|5.20p consists of writing, by using ()2.10p . that 
r n ,n = P{r_i > n} = 1 - P{r_! < n} = 1 - E p { r -i = k ) 



1 - f E = 1 " - E «fc-i(M) (fe+1)/2 = l-2g E 



k/2 



keO: 



feSO: 



k<n-l 



Remark 5.5 Let us compute the limit of ro,n as n tends to oo: ()5.20p gives 

lim r , n = 1 - 2pE a i(P < ?) • 



By (HID , one has 



E a *w /2 



l-4(^g) _ 1 - b - 



- Bp* 1/2 

i £ ifj,5S1 / 2 



which yields 



lim r , n 



ifp^l/2, 

2-- if p ^ 1/2. 
9 



This simple result is in good accordance with the fact that 

lim r , n = ^{Too = 0} = P{n = oo}. 

n— >oo 

Analogously, 



lim TV, 



c {r_i = oo} 



ifp<l/2, 

2-- ifp^l/2. 
P 



(5.22) 



(5.23) 
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Corollary 5.6 For even n,k such that ^ k ^ n, the following relationship holds: 

rk,n = rk,kro,n-k- (5-24) 



We propose three proofs of (|5.24|) . The first one is based on the explicit representa- 
tion (|5.20p of the probabilities and ro jn _fc and the representation (|5.7p of rk, n (so, this 
is a consequence of Theorem 15. 3|) , the second one is done by induction and the third one 
relies on the specific generating function G which has been introduced below Theorem 15. II 



First proof. We deduce (|5.24p from (|5.20p . Let us develop the product r fcifc r ,n-fc- The 
computations are rather technical: 



rk,kro, n -k 



l-2p !- 2 ?E °i(M)* /2 

ieS: -I L i££: 

i^n — k — 2 i^k — 2 

i-2 P J2 <pq) t/2 -2q E *i(pq) 1 ' 2 

i€£: i££: 
i^n-k—2 i^fc-2 

+ Apq J2 a iam (pqf +m y 2 . 



(5.25) 



Z ,m££: 
l<k — 2,m<n — k — 2 



We write the two first sums of the last displayed equation as 

E «i(M) i/2 , 



E a^peif 12 = E a ^ /2 

i-^.n—k — 2 i 5^ n 

E a iW i/2 = EoiW i/2 - E 



i££: 
n — k^ii^n 



i/2 



(5.26) 



i££: 
i<k-2 



i££: 



and the third one as 

]T a, am ( Pq )<'+™>' 2 



E 



Z<fc — 2,m<n — fc — 2 



E 



a,- a 



i££: v j££: 
i^n — 4 t+fc + 2 — n<j<(fc — 2) At 



j (P?) 



i/2 



E (e«^-;W /2 + E ( E »,'<< ,W 2 



iS£: v j€£: 
t^fe — 2 j'^t 



+ E 



iS£: v j££: 
k^i^n—k—2 j^k-2 



E 



t6£: V jg£: 

tt — feigt^n — 4 t+fe + 2 — n^jXfe — 2 



(pq)^ 2 - 



(5.27) 



In the first equality of ([5.26p . we changed the indices l,m into i,j according to the rules 
i = I + m and j = I. The conditions / ^ k — 2 and m ^ n — k — 2 yield i n — 4 and 
i + £; + 2 — n ^ j ^ i (since j = i — m). In the second equality of (|5.26p . we split the 
sum into three terms: for i ^ k — 2, the condition « + k + 2 — n ^ j ^ (/c — 2) A z is 
equivalent to j ^ i, for k^i^n — k — 2, this condition is equivalent to j ^ — 2 and for 
n — k ^ i ^ n — 4, this condition is equivalent to i + A; + 2 — n ^ j ^ k — 2. 

Therefore, putting (15^51 and into (j5T25j) . 



rk,kro, n -k 



2ao — 2p 



Y a i(pq) i/2 - E a *^) 



i/2 



tG£: 
t<n 



t6£: 
n— fc^t^n 



2<Z 



E a i(^)* /2 - E ai (^) 



i/2 



tg£: 
t<n 



t6£: 
fc^tS^n 
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Apq 



E 



E ( E a i ai ~i ) ^) i/2 + E ( E a i ai -i ) 

fc^i^n-fc-2 JsJfc-2 

E a i a »-i ) (w) i/2 



i££: v jG£ 
i^k-2 j<i 



i€£: v j££ 

n — fe<i<n-4 i + fc+2 — n^.j^.k — 2 



2p ^ otCpg)*/ 2 + 2g £ ^(pg)*/ 2 - 2 £ ^(pg)*/ 2 + 4pg 
2p J] a 4 ( M y/ 2 + 2g £ ^(^) i/2 + 4pg [ • • • - ~ E a^g)*/ 2 " 1 



ieS: 



(5.28) 



In the second equality of (|5.28|) . we have simplified ao— pE^e£: a i{PQT^ 2 ~ QYl is£: a i(PQY^ 2 
into — ^i S £* : aj(pg)*/ 2 , and the dots ". . . " stand for the whole term lying within brackets 
which follows the factor 4pg in the first equality 

Using (|2,2p . we rewrite the last sum lying in (|5.28p as 

i£ a^f 2 - 1 = \ E ^( Pq y /2 = E (E^W /2 

is^n i 5^ n — 2 i^n — 2 j ^ i 

and then (|5.28p becomes 

rk,kro, n -k = 2p E a i(PlT + 2( ? E a *(^) i/2 



i€£: 



i6£: 



4p<7 



E (E) a i a *-i)(p?) </2 + E ( E a i a w ) (^) i/2 



iS£: v iS£: 
i^fc-2 j^i 



i££: v jS£: 

k^i^n-k-2 j^k-2 



E 



n — fc<isgn-4 i+k+2-n^j^k-2 



E °J ai -j )(piy /2 - E (E a i ai -i)( M ) 



vi/2 



We compute the term within brackets. Since the computations are technical, we first write 
down progressively all the equalities and we next explain them. The aforementioned term 
writes, by omitting the repetitive quantity ajai-j(pq) 1 ^ 2 for lightening the proof, 



E E+ E E+ E E -EE 

i6£: jS£: iS£: j&£: iEE: j££: ig£: Jg£: 

i^k — 2 jsgi k^i^n — k — 2 j^fc-2 n-fcsgi^n-4 i + k -n + 2sg jsj fc — 2 i^n-2 j^i 

= -EE+E E+E E 

ig£: j££: ig£: je£: i££: j££: 

fe^i^n — 2 j^i k^i^n-k-2 j^k-2 n — fc^i^ra — 4 i-i+2Q<n-fc-2 

= - E E - E E+ E E+E E 

ig£: jS£: iS£: jS£: iS£: j££: iS£: jg£: 

ksgi^ra — 2 j^fc-2 fc^i^n~2 k^j^i k^i^.n — k — 2 jsgfc-2 n-fc^i<n-4 i— fe+2<,j<n— A- 

= - E E- E E+ E E 

iS£: jg£: ig£: j££: ig£: j££: 

n — k^isgn — 2 j^k-2 fc^isgn-2 k^j^i n-fc^i^n-2 i— fc + 2sgj sgn- fc-2 

= - E E - E E+ E E 

iS£: j££: iS£: jS£: iS£: j££: 

n — fc^isjn — 2 i— k+2^j^i fc^isgn-2 j^i — k n-k^.i^n-2 i- k+2^.j ^.n — k — 2 

= - E E- E E ■ 

— 2 j^.i — k n — fc^i^n — 2 n — k ^j^i 

We now explain the transformations carried out in the foregoing calculations. 



(5.29) 
(5.30) 
(5.31) 
(5.32) 
(5.33) 
(5.34) 
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1. From (|5.29p to (j5.30p : the difference of the first and last terms of (|5.29p yields the 
first term of (|5.30p . Moreover, we have performed the substitution j \— >■ i — j in the 
third term of (15T29D (V. 

e£:i+fc-n+2<j'<fc-2) wm ch supplies the third term of (j5.30j) 

(Sje£:i-JM-2<7<n-jfe-2)> 

2. From (|5.3U|) to (|5.31|) : we have split the sum with respect to j (j ^ i) of the first 
term in (|5.30p into two sums (Ylje£-j^k-2 an d Y^jeS-.k^j^i)- This gives the two first 
terms of (|5.31|) : 

3. From (|5.3ip to (|5.32p : we have simplified the difference of the two sums with respect 
to i within the first and third terms (£ ie£ :fc ^ n _ 2 and Ttiee-.k^n-k^ this y ields 
the sum with respect to i in the first term in (|5.32p (Y2i££-n— k<i<n— 2)" Moreover, 
we have added a null term in the third term: in (|5.32p . i varies from n — k to n — 4, 
while in f)5.33[) . i varies from n — k to n — 2. The sum with respect to j corresponding 
to the exceeding index i = n — 2 actually vanishes; 

4. From (|5,32[) to (|5.33|) : we have performed the substitution j 1— > i — j in the two terms 
of (|5.32p (X^'e£:i<fc-2 and Sje£:JfeCj'<i)> which supplies the two first terms of (|5.33|) 

5. From (|5.33p to (j5.34p : the difference of the first and last terms of (|5.33p yields the 
last term of (P4"j) . 



Finally, plugging into (|5T2"g|) yields ([577]). ■ 

Second proof. As in [6J, formula (|5.24|) can be proved by induction. This way is not 
constructive but elegant, and we find it interesting to produce it here. We formulate the 
induction hypothesis as follows: for any even n, 

(Tin): For all m £ £ such that m ^ n, (for all j £ £ such that j ^ m, r^ m = rjjrQ tm _j). 
The initialization (%o) is trivial. Pick now n G £* and assume that T~L n -2 holds true. Let 
k G £ such that 1 ^ k ^ n — 2. We have, by 7i n -2 and ()3.ip . 



]&£*■■ 



n j r k-j,n-j + ^3 r k,n-j 

j^k — 

—j,k—j r 0,n—k + / TTj r k,k r 0,n-j-k 

S*: jGE*: 
5 k j^n — k 

TTj r k-j,k-j ) ^0,n-fc + ( TTj ?"o,n-j-& ) r k ,k 



j^n — k 



Remarking, by the Markov property, that 



1 

2 n j r k-j,k-j 

we obtain 



P{5i > 0, r = j, T fc = k} and - tt,- r 0>n ~j-k 



F{S 1 <Q,r =j,T k = k}, 
0}r k>k . (5.35) 



^fc,n = P{t"o ^k,T k = k}r 0; n-k + ^{ T o < n - fc, T n _ fc 
Now, we have for even 

P{r ^ k,T k = k} = F{T k = k} — P{r > fc, T fc = A;} 

= P{S! >0,...,5* £0}-P{Si >0,...,5 fc >0} 

= P{t_i > A;} - pPi{r > fc - 1} = P{t_i > k} - pP{-r_i > fc - 1} 

= P{r_i > fc}-pP{T_i > A;} = gP{r_i > k} = q¥{T k = k} 

= qr k ,k- (5.36) 
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Similarly, we have 

P{r < n - k,T n _ k = 0} = p¥{n > n - k} = pP{T n _ fc = 0} 

= pr 0) n-k- (5.37) 

Finally, putting (|536l) and (15371) into (|535D . we derive ([5^3]) . ■ 

Third proof. We propose a last and very short proof of f|5.24[> . The probabilities 
rk,ni k,n E £, are generated by the function G which was introduced in Subsection 15.21 
By (|5.4|) . the quantity G(x,y) can be factorized into the product of G(x,0) and G(0,y). 
Writing that 

G{x, 0)G(0, y) = E (fk,kr ,l)x k y l = E {r kjk r ,n-k)x k y n ~ k , 

k,l<=£ k,ne£: 

we conclude, by identification, that (|5.24[) holds true. ■ 

Corollary 5.7 In the symmetric case (p = q = 1/2), the well-known following expression 
holds for even integers n, k such that ^ k ^ n: 

J_( k \( (n-k) \ 



r k,n 2 n \k/2)\(n-k)/2)' 

Proof. In the case where p = 1/2, we have the particular identities 

P{r = j} = P{S^ 2 = 0} - F{Sj = 0} and P{r_x = j} = P{r =3 + 1} 
which are due to the fact that bj-2 — bj/4 = a.j-2 and to (|2.1Up respectively, and then 

r k ,k = P{r_i > k + 1} = p { r -i =j}= E P ^ r ° = J + !> = E F{r ° = i} 

jeO: j'eO; 3'ef: 

= E [ p i^-2 = °} - ^ = o>] = nsk = o} = ^ Q 2 ) . 

Analogously, 

r , n _ fc =¥{n>n-k + l} = F{Sn-k = 0} - ' ' ( " ~ ' 



2 n-k \( n -k)/2j' 
We conclude with the help of (|5.24p . ■ 

Remark 5.8 Let us compute the limit of r k ^ n as n tends to oo. We have to distinguish 
the cases n G £ and n G O. On one hand, by (|5.23j) and (|5.24p . we have 

lim r kn = t e (k) Urn r kk r 0n _ k = ls{k)r k k lim r , n = ts{k)r k k [2 - - j . 

On the other hand, since 



lim 

n— >oo 



2 P E o i ( W )«/ a -4 E ( E ^-,W /2+1 



n— fc^i^n n — fcsjisjn — 2 j'^z + fe — n 
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we can see from (15.61) that for odd k 



lim ru n = 0. 

neo 



Assume now that k is even. By (|5.5p . we get 



lim ru „ = lim 

n— >oo ' r - 

nGO 



n— >-oo 
nGO 



k^i^n 



2 P E <pi) l/2 -± E E %-^-)(Mr /2+1 

n — k^.i^.n n — k^.i^.n — 2 j^.i-\-k — n 

+ 2 q Y^p<i) i,2 -± E ( E wW /2+1 

fc i ra — 2 j'^i — fe 

2p £ a,(M) V2 -4 E ( E «i^W /2+1 

n-\-l — n+ 1 — fc i ?i — 3 j^i-\-k — n— 1 

ieS: ieS: ^ ?G£: ' 



lim 

n — J-oo 
nGO 



ieS: 
fc < z < n — 1 



lim 

n — ► oo 
nGO 



n + 1 — fcsiis^n+l — fc^i^n — 1 j^.i-\-k — n 

+2q Y a i(pq) i/2 - 4 E ( E a J a i-j)(p<iy 

fc i n — 1 j^.i — k 

-2 P a n+1 (pq) {n+1)/2 +4 £ o i a^i_ i > ) (pg)^ 1 )/ 2 

V jes: ' 



jS£: ' 
jsgn-l-fc 

The last four terms within the above limit tend to and it remains the first four terms 
which are nothing but rk, n +i- Hence, 

lim ru „ = lim ru „_i_i = lim ru n . 

neo neo nee 

As a result, the foregoing discussion shows that 



I™ n,n = lim r Kn = lim r k , n 



n— >oo 
n6£ 



n — yoo 

neo 



which supplies the distribution of the total sojourn time of the random walk in Z + : 

¥{T OB = k} = l e (k)r k>k (2-^\ . 



By (|5.2U|) and (|5.22|) . we can rewrite r kk as 
n,k = l- 2q 



1 



E«KM) i/2 -E^(^) i/2 

iee-. 

i^k 

2qJ2^(Pl) i/2 - 



+ 



1 - 2q 



i - \p - qj 

Apq 



Y ai ( pq Y 



/2 



iee- 



iee-. 

i>k 
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With this representation of r kik at hand, we can compute the probability P{Too < 00} . 
First, if p ^ 1/2, we plainly have P{Too = k} = for all k and then PjToo < 00} = 0. 
Second, if p < 1/2, 

PjToo <oo}=( 2 -i)E r *.* = 2 ( 2 « - !) E ( E «*(^) 4/2 ) 

i^k 

= 2(2q - 1) E ( E X ) ^P^ 2 = ^ ~ l ) E<' + 2 )°^) 

k^i 



J/2 



The next to last equality comes from (|2.ip . Therefore we have obtained the result 



PjToo < 00} 



ifp^l/2, 

1 ifp<l/2. 



which is in good agreement with the transient or recurrent character of the random walk. 
Indeed, if p > 1/2, lim n _ s . 00 S n = +00 a.s.; if p < 1/2, lim n _»oo S n = —00 a.s.; if p = 1/2, 
limsup n _ KX) S n = +00 a.s. Hence, one has = 00 a.s. for p ^ 1/2, while Too < co a.s. 
for p < 1/2. ■ 

Proposition 5.9 For odd integers n, k such that ^ k ^ n— 1, the following relationship 
holds: 

rk,n + r k+lt n = r k+1>n+1 . (5.38) 



First proof. We first derive (|5.38p by using the explicit results obtained in Theorem [53 
On one hand, since k and n are odd, (|5.6p yields 



r k ,n + rfc+l,n = 2 P E ai(pq) i/2 -A ^ ( E a i a '-i ) (^) i/2+1 

n — fcs^is^n — 1 n — fc^z^n — 3 j ^ i + fc — n 

+ 2g E «i(P?) V2 -4 E ( E «i«»-i)(P9) i/2+1 
tee-. iee-. \ jeS: ' 

k + l^i^n-l + j^i-k-1 

On the other hand, since k + 1 and n + 1 are even, ()5.7p yields 

r fc +i,n+i = 2p E ai(^) V2 -4 ^ ( E a i a *-i ) (^) i/2+1 

+ 2g £ «*W /2 -4 E ( E (P«) </2+1 - 

?<=£: ?<=£: \ iP£r ' 



zee-. tee-. v je£-. 

k + l^i^n + 1 k + l^i^n-1 j^i—k—1 



We then deduce, by remarking that Yl -? s£: a j a n-i-j = Yl ^ e£: ®j a n-i-j and by 
using (122]), that 

»"fc+l,n+l — (rjfcjn + fk+l,n) 

= (2p + 2q)a n+1 (pq)^/ 2 

-a( J2 a i o„_ 1 _,)( M )(- 1 )/ 2 + 1 -4( E (M) (n - 1)/2+1 

^ j££ : / ^ j££: / 
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= 2( a n+1 - 2 ^o a n-x- 3 ) {pq) in+1}/2 = 0. 
The relationship ()5.38j) is checked. ■ 

Second proof. We can prove (|5.38p directly without using any explicit expression. Pick 
two odd integers n, k such that ^ k ^ n — 1. We have 

r k ,n + n+i,n = P{T n = A;} + P{T n = k + 1} = P{T n e{k,k + 1}}. (5.39) 

Let us introduce the last passage time by 0, say do, for the random walk. Is is plain that 
<7o is even and that there is an even number of 5j up to time cxo which are equal to one. 
Afterwards, it remains an odd number (this is n — oq) of steps up to time n. One has either 
Sa +i > 0, S ao+ 2 >0,...,S n > or 5cr 0+ i < 0, 5cr 0+2 < 0, . . . , S n < 0. The corresponding 
5j, o"o + 1 ^ j ^ n, are either all equal to one or all equal to zero. More precisely, 

• if T n = k, since k is odd, one has in this case S ao+ i > 0,S ao+ 2 > Q,...,S n > 0. 
Then, necessarily, S'n+i ^ which entails that <5 n +i = 1 and T n+ \ = T n + l = k + 1; 

• if T n = k+1, since k+1 is even, one has in this case S ao+ i < 0, S ao+ 2 < 0, . . . , S n < 0. 
Then, necessarily, S n +i ^ which entails that <5 n +i = and T n+ \ = T n = k + 1. 

This discussion implies the inclusion {T n 6 {k,k + 1}} C {T n+ \ = k + 1}. Conversely, 
since T n+ \ — T n = 5 n G {0, 1}, the equality T n+ \ = k + 1 implies T n G {/c, A: + 1} which 
proves the inclusion {T n+ \ = k + 1} C {T n G {A;, /c + 1}}. As a byproduct, the equality 
{T n G {A;,fe + 1}} = {T n+ i = k + 1} holds and this proves, referring to (|5.39p . the 
relationship (|5.38p . ■ 



6 The case F = {0} (bridge of the random walk) 

In this part, we shall set for simplifying rj, ^ = r? , = H°(z) and G^^x,?/) = 

G°(x,y). We consider the distribution of the sojourn time T n subject to the condition 
that S n = 0, that is we are dealing with the so-called bridge of the random walk pinned 
at zero at times and n. The condition S n = can be fulfilled only when n is even. So, 
we make here the assumption that n is an even integer throughout this section. 



6.1 Generating function 



In the light of Theorem l3,2l we need to evaluate the functions H®{z), G°(x, 0) and G°(0, y). 
We have H9(z) = H_i{z) and then, by (J22D and (|33D, 



1 " A(x) „ 



H» 1 (x) = H (x) 



1 



1 



2px 

1 — A(x) 2px 



1 - A(x) 
2px 



Hi(x) 



Similarly, 



A(x) [ 2px 1 + A(x) 

G°(0,y) 2 



1 + A(x)' 



i + MvY 

From this and (|3.3|) . we immediately extract G°(x,y). 
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Theorem 6.1 The generating function G° is given by 



G°(x,y) 



A(x)+A(y) 



(6.1) 



where A(z) = yl — 4pqz 2 . 



The result (|6.ip is remarkably simple. 



6.2 Distribution of the sojourn time 



Theorem 6.2 Assume that n is even. The probability H? = P{T„ = k, S n = 0} admits 
the following expression: 



k,n 



n 



n + 2\n/2 




(pq) n ^ 2 if k is even such that ^ k ^ n, 
if k is odd or such that k ^ n + 1 . 



(6.2) 



The distribution of T n for the bridge of the random walk is given by 

{2 
if k is even such that < k ^ n, 
n + 2 
if k is odd or such that k ^ n + 1 . 

that is, the conditioned random variable (T n = k \ S n = 0) is uniformly distributed on the 
set {0,2,4, ... ,n - 2,n}. 



First proof. By (|2T3|) . we rewrite G°(x,y) as 

l(i+j)/2„i 



G°(x,y) = 2 a t+J (pq)^ 2 xW = 2 ^ a n (pq) n '~r ~ 



/2 k n—k 



i,je£ 



From this, we immediately extract the announced expression for r® . Moreover, we plainly 
have 

¥{Tn = k \S n = 0} = ¥{Tn = k > Sn = 0} 



^{Sn = 0} 



with 



n 



and this prove the assertion related to the uniform law. ■ 

Second proof. We find it interesting to give a proof by induction relying on the recurrent 
relationship (|3.1|) which actually holds even in the present case, namely: 



k ' 



E*. 



j r k-j,n-j 



j^Tl—k 



(6.3) 



Indeed, the proof of (|3.ip may be adapted mutatis mutandis in order to derive (|6.3p . We 
formulate the induction hypothesis as follows: 



(Hn) : For all m G £ such that m ^ n, (for all j £ £ such that j ^ m, r 
2a m {pq) m / 2 ). 



o _ r o 

j,m 0,m 
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The initialization (Hq) is trivial. Pick n G £* and assume that 'H n _2 holds true. Let k G £ 
such that 1 < k < n - 1. We have, by %°_ 2 , (USD and (|Q]> . 



' fc,n 



j^n—k 



Y *3 r 0,n-j + Y n 3 r 0,n-j = 4 Y a i~2 a n-j + Y a i-2<*n-./ 



i6£*: 
j-^n — k 



(pq) 



n/2 



Y a J a n-2-j + ^ 



n/2 



a ja n -2-j 



(pq) 



n/2 



2a n (pq) n / 2 =rl n . 



It remains to see that this formula also holds for k = n. By (|2.2|) . (|2.5|) . (|2.9|) and (|3.2|) . 

we have 



F{S n = 0}-±- Y wW-i{S„-j = 0} 



(n + 2)a n (pg) n / 2 - ^ ajbn-jipq) 



n/2 



jee-. 



[(n + 3)a n - i 6„ +2 ](^) n/2 = [(n + 3)a n - (n + l)a n ](p<?) n / 2 



= 2a n ( M ) n / 2 . 
By ()3.2p . we also have 



r° n = P{5 n = 0}-l £ wPxlSW-i = 0}. 



Because of the "duality" relationship gPi{5 n _j = 0} = pP_i{S n _j = 0}, we immediately 
see that = r§ n . The validity of (%„,) is acquired and the proof of (j6.2|) is finished. ■ 



7 The cases F = Z+* and F = Z - * 

In this part, we shall set for simplifying r^ n * = r^ n , (x, y) = G + (x, y) and H z+ * (z) = 
H + {z). We shall also use similar notations with minus signs for the study of the case 
F = 7h~* . Some expressions for the rt 's can be obtained from Theorem 14.21 by summing 

the r£ , j G Z + * or j G Since = for |j| > n, the corresponding sums reduce to 

n -1 

T k,n = Ys r k,n an( ^ r k,n = Ys T *,rc' 
j=l j=-n 

We propose other expressions which can be deduced from the generating functions G + 
and G~ . 



7.1 Generating function 

We first consider the case where F = Z + *. We need to evaluate the functions Hf(z) for 
i G {—1,0,1}, G + (x,0) and G + (0,y). On one hand, we have for i G {—1,0,1} (and then 
i>0) 
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Z+*-i V ' j=l- 



2qz 



1 



i-A(») ■ 



A(*)(l 2l/; 
1 - A(z 



l-A(z) 



1-i 



A(z)[2gz- 1 + A(z) 
Invoking (|2.7p and (|5.ip . we find that 



2pz - 1 + A(z) /l - A(z) 



2(1 - z)A(s) 
On the other hand, by (13.40 . 



2gz 



2qz 

1 ~ A(z) 
2gz 



2pz- 1 + A(z) /1 + A(z 
2(l-z)A(z) V 2pz 



G+(x,0) = H+(x) - 1 2 ^ (X) #+ (x) = F+(x) 

2A(x) , 2px-l + A(x) 

H o ( x ) ~ 



I 1 — A(x) 2px 

2px 1 + A(x) 



1 + A(x) 



(1 -x)[l + A(x)]' 



Similarly, 



G+(0,y) = H+(y) - 1 fl+(y) = 



1 - A(y) 2qy 



2qy 1 - A(y) 



0. 



With this at hand, we can derive G + (x,y). Indeed, using the general formula (|3.3p . we 
obtain 



G+(x,y) 



1 + A(x) 
A(x) + A(y) 



G+(x,0) 



2px - 1 + A(x) 
(l-x)[A(x) + A(y)]' 



Exactly in the same way, we could find the result related to the case F = Z *. We state 
both results in the theorem below. 



Theorem 7.1 The generating functions G + and G are given by 

n+( \ 2px - 1 + A(x) 2qy - 1 + A(y) 

G (x,y ) = - rm ; . , X1 ana G (x,y) = , . . , , . . (7.1) 

V ,y > (l-x)[A(x) + A(y)] V ,y > (l-y)[A(x)+A(y)] V ; 



where A(z) = yl — 4pgz 2 . 

Remark 7.2 We have the following relationship between the generating functions G, G + , 

G+(x,y) + G-(x,y) + G°(x,y) = G(x,y). 

Indeed, it is clearly due to the fact that {S n £ Z + *} U {S n € U {5 n = 0} = Q which 
implies that 

r k,n + r fc,n + r k,n = r k,n- 

As a checking, we propose to compute directly the sum G + +G~ +G° by using the obtained 
expressions (|5.2p . (|6.ip and f)7.1|) : 



G + (x,y) + G-(x,y) + G°(x,y) ' 



A(x) + A(y) 



2px - 1 + A(x) 2gy - 1 + A(y) 2 
1 — x 1 — y 
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The term within brackets can be written as 

2px — 1 



2px — 1 2qy — 1 

— h — h 2 = 

1 — x 1 — y 

and then 

G + (x,y)+G-(x,y)+G°(x,y) 



1 — x 



1 



+ 2p 



+ 



i-y 



+ 2q 



2p-l + 2q-l 
1 — x 1 — 2/ 



A(x) + A(y) 



2p-l + A(x) 2q-l + A(y) 



1 - x 



+ - 



G(x,y). 



7.2 Distribution of the sojourn time 



Prom Theorem 17. H we derive the coefficients r^ n and r k n . 

Theorem 7.3 The probabilities r+ n = F{T n = k,S n > 0} and r~ n = F{T n = k,S n < 0} 
admit the following expressions: for ^ k ^ n, 



{ n = l e (n-k) 



2 P E a i ( M )'/ a -4 £ ( £ (pg)W 



n — fc<i<n— 1 



2q <PqY /2 -4 E ( E %«i-i)(M) i/2+1 |, 

iG£: ie£: >■ je£: ' 



fc<i<n — 1 



sS£: v jS£ 



(7.2) 
(7.3) 



where a,- 



1 / t 



z + 2 VV 2 



/or i £ £. 



Proof. We invert the generating function G + . For its expansion, we refer to the proof 
of Theorem 15.31 We have 

1 1 - A(x) 1 



G+(x,y) 



2px 

1 — x A(x) + A(y) 1 — x A(x) + A(y) 



x k+l y n-k 



2 P E Mn-k) E a M) i/2 

-4 e E f E W /2+1 



i^n — 2 k — n 



out- 



performing the substitution n) h- > (fe — l,n — 1) in the first term of the last above 
equality, we get 



x k y n-k 



G + {x,y) = 2pY J Mn~k) E «^) i/2 

fc,n£N: L 

-4 e E ( E %^W /2+1 



ie£ 

i^n — 2 j'^a+fc — n 



x k y n ~ k . 



Formula (|7.2p ensues by identification. Formula (|7.3p can be deduced from (|7.2p by invok- 
ing the duality argument mentioned in Remark 14.31 it suffices to interchange p and q on 
one hand, and k and n — k on the other hand. ■ 
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Remark 7.4 By comparing (|5.5|) and (j7.2jl . we can see that, for odd integer n, r^ n = rk, n 
if k is odd, rjj" = if k is even, and, for even integer n, r^ n = rf n = and n = p 2 ^o n _2- 
These relations can be directly checked. For instance, in the last case, we can easily 
observe that the conditions T n = 2 and S n > are fulfilled only in the case where 
S ^ 0, Si < 0, . . . , ^ 0, S n -2 = 0, S n -i = 1 and S n = 2. Thus, 

P{T n = 2, S n > 0} = P{5 ^ 0, 5i < 0, . . . , S n _3 < 0, S n _ 2 = 0, X n ^ = X n = 1} 
= p 2 P{T n _ 2 = 0, 5 n _ 2 = 0} 
which is nothing but r% n = P 2r on-2- m 

Remark 7.5 In Remark 17. 21 we mentioned the relationship r^ n + + = r& „. This 
one can be checked by adding (|6.2p . (|7.2p and (|7.3[) after noticing that 

r° n = 2%(fc)l £ (n)a n ( M )"/ 2 = l £ (n - k)t £ (n)2pa n (pq) n / 2 + t £ (k)l £ (n)2q a n (pq)^ 2 , 

the foregoing sum coincides with (|5.5p . ■ 

8 Examples 

In this section, we provide explicit values for r k,m r k n i r kn ^ or k ^ n ^ 8. They can 
be deduced from our general results. We propose to compute them by enumerating all 
the possible paths of the random walk. We recall some properties which allow to check 
our results and which prevent us from considering certain cases. Knowing r/c„, we find 
r n-k,n by interchanging p and q; hence, we only need the values of rf. n for k ^ n/2. For 
k = and k = 1, we have r 0)ri = 1 — 2p]T ie£: ai(pq)^ 2 and n )Tl = 2a„_i pC^ 1 )/ 2 ^" -1 )/ 2 . 

i^n — 1 

For even n and odd fc, r/%.„ = 0. For even integers n, k such that ^ k ^ n — 1, 
r fc-i,n-i + r k,n-i = r k,n- The numbers r° n do not vanish only for even integers k and n. 
We also have r^ n = rf n = 0, r 2n = P 2 ^o n _2 an d if n — /c is odd, then r^ n = 0. We give 
all the details in the case of the unconditioned random walk, and only the results for the 
conditioned cases. 

8.1 Case n = 1 

For the unconditioned case, we simply have 

ro,i = HSi < 0} = F{S 1 = -1} = q. 

The probability distribution of T\ is given by ro^ = q, r\ \ = p. Concerning the conditioned 
case, we have = 0, = p. 

8.2 Case n = 2 

For the unconditioned case, we simply have 

r , 2 = HSi < 0, S 2 ^ 0} = ¥{S 1 = -1} = q. 
The probability distribution of T 2 is given by 

^0,2 = q, n,2 = 0, r 2 ,2=p- 

We can check that ro,2 = ro i< Concerning the conditioned cases, we have 

r 0,2 = r 2,2 = PQi r 0,2 = r l,2 = 0' r 2^2 = P^ ' 
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8.3 Case n = 3 

For the unconditioned case, we have 

r , 3 = HSi ^0,S 2 ^ 0, S 3 < 0} = P{S 1 = -1, S 2 = 0,S 3 = -1} + ¥{S 1 = -1, S 2 = -2} 

= pq 2 + q 2 = q 2 {p+l), 
ri, 3 = = -1, S 2 = 0, S 3 = 1} = P 2 q. 

The probability distribution of T 3 is given by 

ro,3 = q 2 (p+ 1), n,3=P 2 q, r 2j3 =pq 2 , r 3}3 =p 2 (q+l). 
As a check, (|5.20|) yields 

r 0j3 = 1 - 2p[a + a 2 pg] = 1 - p - p 2 g = g(l - p 2 ) = q 2 (p + 1) 
which confirms the result on 7-0,3 for instance. Concerning the conditioned case, we have 

r 0,3 = r 2^3 = °> r l,3 = r 3,3 = P 2 (<1 + !)• 

8.4 Case n = 4 

For the unconditioned case, we have 

r ,4 = P{Si < 0, S 2 < 0, 53 < 0, S 4 < 0} 

= P{S 4 = -1, S 2 = 0,S 3 = -1} + F{Si = -1, 5 2 = -2} 
= pg 2 + g 2 = g 2 (p + l), 

r 2 , 4 = P{5i = 1,S 2 = 0, 5 3 = -1} + P{Si = -1, S 2 = 0, S 3 = 1} 
= pq 2 + p 2 g = pq. 

The probability distribution of T 4 is given by 

^0,4 = q 2 (p+ 1), n,4 = 0, r 2) i=pq, r 3A = 0, r iA = p 2 (q + I). 

We can check that ro j4 = 7*0,3 and r 2i4 = r 2)2 ro^ 2 = r± j3 + r 2j 3. Concerning the conditioned 
cases, we have 

r 0A = 4,4 = r 4,4 = 2pV, r+4 = r+ 4 = r+ 4 = 0, r+ 4 =p 3 q, r+ 4 =p 3 {2q+l). 

8.5 Case n — 5 

For the unconditioned case, we have 

r ,5 = P{Si 0, S 2 < 0, S 3 < 0, S 4 < 0, 5s < 0} 

= ¥{Si = -1, S 2 = 0, S 3 = -1, S 4 = 0, S 5 = -1} 
+ P{Si = -1, S 2 = 0, S 3 = -1, S A = -2} 
+ P{S 4 = -1, S 2 = -2, S 3 = -1, S 4 = 0, S 5 = -1} 
+ P{S 1 = -l, < S 2 = -2,S 3 = -3} 
= q 3 (2p 2 + 2p + l), 
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ri, 5 = HSi = -l,S 2 = 0,S 3 = -1, S 4 = 0, 5 5 = 1} 

+ P{Si = -1, S 2 = -2, S 3 = -1, S 4 = 0,S 5 = 1} 

= 2pV, 

r 2 , 5 = P{Si = -1, S 2 = 0,S 3 = 1, S 4 = 0, S 5 = -1} 
+ P{Si = 1, S 2 = 0, S 3 = -1, S 4 = 0, S 5 = -1} 
+ P{Si = 1,S 2 = 0, S 3 = -1, S 4 = -2} 
= 2y>V + pq 3 = pq 3 (2p +1). 

The probability distribution of T5 is given by 

r ,5 = q 3 (2p 2 + 2p+ 1), r lj5 = 2pV, r 2j5 = pg 3 (2p + 1), 
r-3,5 =p 3 g(2g+l), r 4 , 5 = 2pV, r 5t5 = p 3 (2q 2 + 2q + I). 

As a check, (|5.20|) yields 

r , 5 = 1 - 2p[a + a 2 pq + a 4 (pg) 2 ] = r 0j3 - 2p 3 q 2 

= q 2 {p + 1 - 2p 3 ) = q 2 (l - p){\ + 2p + 2p 2 ) = g 3 (2p 2 + 2p + 1) 

which confirms the result on 7-0,5. On the other hand, (|5.6p yields 

^2,5 = 2q[a 2 pq + a 4 (pg) 2 ] - 4a a 2 (p<?) 2 

9 9 *3 9 9 9/ \ "-i / \ 

= pq +2p q — p q = pq (1 + 2pg — p) = pq \2p + 1) 
which confirms the result on r 2i 5. Concerning the conditioned case, we have 

4,5 = 4,5 = 4,5 = °> r+ 5 = 2pV, r 3 + 5 =p 3 q{2q + l), r+ 5 =p 3 (2q 2 + 2q+l). 

8.6 Case n = 6 

For the unconditioned case, we have 

r ,6 = HSi ^ 0,S 2 ^ 0,S 3 ^ 0,5 4 < 0,5s ^ 0,5 6 ^ 0} 
= P{5i = -1, S 2 = 0,S 3 = -1, S A = 0,S 5 = -1} 



+ P{Si = 


"I: 


5 2 


= o,s 3 = - 


1, S4 — 


-2} 


+ P{Si = 


"I, 


s 2 


= -2,S 3 = 




= 0,^5 


+ P{S 4 = 


"I, 


s 2 


= -2,S 3 = 


-1,54 


= -2} 


+ P{S 4 = 


-1, 


s 2 


= -2,S 3 = 


-3} 





= g 3 (2p 2 + 2p+l), 

r 2j6 = P{5i = -1, S 2 = 0,S 3 = -1, S 4 = 0, 5 5 = 1} 

+ P{Si = -1, S 2 = -2, S 3 = -1, 5 4 = 0, S 5 = 1} 
+ P{Si = -l,5 2 = 0,5 3 = l,5 4 = 0,5 5 = -l} 
+ P{Si = 1, S 2 = 0, S 3 = -1, S A = 0,S 5 = -1} 
+ P{Si = 1,S 2 = 0,S 3 = -1,5 4 = -2} 
= 2p 3 q 2 + 2pV + pq 3 = pq 2 (p + 1). 
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The probability distribution of Tq is given by 

r 0i6 = q 3 (2p 2 + 2p+l), n, 6 = 0, r 2 , 6 = pq 2 {p + 1), r 3>6 = 0, 
t-4,6 =P 2 q(q+l), r 5fi = 0, r 6fi =p 3 (2q 2 + 2q + l). 

We can check that r^^ = ro,5 and r 2 $ = r 2 $r§^ = r i,5 + r 2,5- On the other hand, (J5.7P 
yields 

r 2i6 = 2p[ai(pq) 2 + a 6 (pg) 3 ] - 4o a 4 (pg) 3 + 2g[a 2 (pg) + a 4 (pq) 2 + a 6 (p<?) 3 ] 
- 4[a a2(pg') 2 + (a a 4 + a|)(pg) 3 ] 
= 2a 2 pg 2 + 2[a A {pq) 2 + a 6 ( M ) 3 ] - A[a a 2 (pq) 2 + a|(pg) 3 ] 
= p<? 2 + (pq) 2 = pq 2 (p + 1) 

which confirms the result on r 2 $. Concerning the conditioned cases, we have 

r 0,6 — r 2,6 — r 4,6 — r 6,6 _ °P 1 > 

<6 = <6 = <6 = <6 = 0, r+ 6 = 2pV, < 6 =A(3g + l), r+ 6 =/(5g 2 + 3g + l). 

8.7 Case n = 7 

For the unconditioned case, we have 

r 0J = P{5i < 0, S 2 < 0, 5 3 < 0, 5 4 < 0, 5 5 < 0, 5 6 s: 0, 5 7 < 0} 



P{5i = - 


1,5 


2 — 


0,5 3 = -L 


54 = 0, 55 = — 1 


,5 6 = 0,5 7 = -l} 




+ P{5i = 


-1, 


5 2 


= 0, 5 3 = - 


1, 5 4 = 0, 55 = - 


-l,5 6 = -2} 




+ P{5 X = 


-1, 


5 2 


= 0, 5 3 = - 


1, 5 4 = —2, 55 = 


— 1, Sq = 0, Sj = - 


1} 


+ F{Si = 


-1, 


5 2 


= 0, 5 3 = - 


1, 5 4 = —2, 55 = 


-l,5 6 = -2} 




+ P{5 X = 


-1, 


5 2 


= 0,5 3 = - 


1, 5 4 = —2, 55 = 


-3} 




+ P{5 X = 


-1, 


5 2 


= -2,5 3 = 


— 1, 5 4 = 0, 55 = 


— 1, Sq = 0, S7 = - 


1} 


+ P{5 X = 


-1, 


5 2 


= -2,5 3 = 


— 1, 5 4 = 0, 55 = 


-l,5 6 = -2} 




+ P{5 X = 


-1, 


5 2 


= -2,5 3 = 


— 1, 5 4 = —2, 55 


= —1, 56 = 0, 5 7 = 


-1} 


+ P{5 X = 


-1, 


5 2 


= -2,5 3 = 


— 1, 5 4 = —2, 55 


= -l,5 6 = -2} 




+ P{5 X = 


-1, 


5 2 


= -2,5 3 = 


— 1, 5 4 = —2, 55 


= -3} 




+ F{Si = 


-1, 


5 2 


= -2,5 3 = 


—3, 5 4 = —2, 55 


= —1, 56 = 0, 57 = 


-1} 


+ P{5 X = 


-1, 


5 2 


= -2,5 3 = 


—3, 5 4 = —2, 55 


= -l,5 6 = -2} 




+ P{5 X = 


-1, 


5 2 


= -2,5 3 = 


—3, 5 4 = —2, 55 


= -3} 




+ P{5 X = 


-1, 


5 2 


= -2,5 3 = 


-3,5 4 = -4} 







= q 4 (5p 3 + 5p 2 + 3p+ 1) 



nj = P{5 X = -1, 5 2 = 0, 5 3 = -1, 5 4 = 0, 5 5 = -1, 5 6 = 0, 5 7 = 1} 

+ P{5i = -1, 5 2 = 0, 5 3 = -1, 5 4 = -2, 5 5 = -1, 5 6 = 0, 5 7 = 1} 
+ P{5i = -1, 5 2 = -2, 5 3 = -1, 5 4 = 0, 5 5 = -1, 5 6 = 0, 5 7 = 1} 
+ F{5i = -1,5 2 = 0,5 3 = -1,5 4 = -2,5 5 = -1,5 6 = 0,5 7 = 1} 
+ P{5i = -1, 5 2 = -2, 5 3 = -3, 5 4 = -2, 5 5 = -1, 5 6 = 0, 5 7 = 1} 
= 5p 4 q 3 
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r 2J = F{S 1 = -1, S 2 = 0, 5 3 = -1, 5 4 = 0, 5 5 = 1, S 6 = 0, 5 7 = -1} 

+ P{5i = -1, S 2 = -2, ,§3 = -1, 5 4 = 0, S 5 = 1, 5 6 = 0, 5 7 = -1} 
+ P{5i = -1, S 2 = 0, 5 3 = 1, 5 4 = 0, S 5 = -1, 5 6 = 0, S 7 = -1} 
+ F{S 1 = -1,5 2 = 0,5 3 = 1,5 4 = 0,5 5 = -1,5 6 = -2} 
+ P{5 X = 1, S 2 = 0, 5 3 = -1, 5 4 = 0, 5 5 = -1, 5 6 = 0, 5 7 = -1} 
+ P{5 X = 1,5 2 = 0,5 3 = -1,5 4 = 0,5 5 = -1,5 6 = -2} 
+ P{5 1 = l,5 2 = 0,5 3 = -l,5 4 = -2,5 5 = -l,5 6 = 0,57 = -l} 
+ P{5 X = 1, S 2 = 0, 5 3 = -1, 5 4 = -2, 5 5 = -1, 5 6 = -2} 
+ P{Si = 1, 5 2 = 0, S 3 = -1, 5 4 = -2, 5 5 = -3} 
= pq\5p 2 + 3p+l) 

r 3>7 = P{5 1 = -1,52 = 0,53 = -1,54 = 0,55 = 1,5 6 = 0,^7 = 1} 

+ P{5 X = -1,5 2 = -2,5 3 = -1,5 4 = 0,5 5 = 1,5 6 = 0, S 7 = 1} 
+ P{5i = -l,52 = 0,5 3 = l,5 4 = 0,5 5 = -l,5 6 = 0,57 = l} 
+ P{5i = 1, 5 2 = 0, 5 3 = -1, 5 4 = 0, 5 5 = -1, 5 6 = 0, S 7 = 1} 
+ P{5i = 1, 5 2 = 0, 5 3 = -1, 5 4 = -2, 5 5 = -1, 5 6 = 0, 5 7 = 1} 
+ P{5i = -l,5 2 = 0,5 3 = -l,54 = 0,5 5 = l,5 6 = 2} 
+ P{5 1 = -l,5 2 = -2,5 3 = -l,5 4 = 0,5 5 = l,5 6 = 2} 
= pY(5g + 2) 

The probability distribution of T7 is given by 

^o,7 = 9 4 (5p 3 + 5p 2 + 3p + l), r ll7 = 5pV, r 2j7 = p 9 4 (5p 2 + 3p + 1), r 3)7 = pV(5« + 2), 
r4,7 = pV(5p + 2), r 5i7 = p 4 g(5g 2 + 3g + l), r 6)7 = 5pV> r 7J = p 4 (5q 3 + 5g 2 + 3g + 1). 

As a check, (|5.20p yields 

r , 7 = 1 - 2p[a + a 2 pg + a A (pq) 2 + a 6 (pg) 3 ] 
= r , 5 - 5pV = q 3 {2p 2 + 2p + 1 - 5p 4 ) 
= 9 3 (1 - P)(5p 3 + 5p 2 + 3p + 1) = <? 4 (5p 3 + 5p 2 + 3p + 1) 

which confirms the result on roj. On the other hand, (|5.6p yields 

r 2)7 = 2q[a 2 pq + a A (pq) 2 + a 6 (pg) 3 ] - 4[a a 2 (p<?) 2 + (a a 4 + a 2 2 )(pq) 3 } 

= r 2 ,5 + 5pV - 3pV = p<? 3 (2p + 1 + 5p 2 q - 3p 2 ) 

= pq 3 ((l — p)(l + 2>p) + 5p 2 q) = pq 4 (5p 2 + 2>p + 1) 
r 3)7 = 2p[a A {pqf + a 6 (pg) 3 ] - Aa Q a A (pqf 

= 2p 3 q 2 + 5pV - 2p 3 q 3 = 2p 4 q 2 + 5p A q 3 = p A q 2 (5q + 2) 

which confirms the results on r 2 j and r 3) 7. Concerning the conditioned case, we have 

r oj = r tj = r tj = r t,7 = °> r fj = 5 pV> r tj = 2?V(5<? + 2), 
rtj = P A q{^q 2 + 3^ + 1), r+ 7 = p\5q 3 + 5q 2 + 3q + 1). 
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8.8 Case n = 8 

For the unconditioned case, we have 

r ,8 = HSi < 0, S 2 < 0, 5 3 s£ 0, 5 4 < 0, S 5 < 0, 5 6 < 0, 5 7 < 0, 5 8 < 0} 
= P{5 X = -1, 5 2 = 0, 5 3 = -1, S 4 = 0, 5 5 = -1, S 6 = 0,S 7 = -1} 



+ P{51 = 


-1,5 2 


= o,s 3 = - 


1,54 = 


o, s 5 = - 


-1,S 6 = - 


-2} 


+ P{51 = 


-l,s 2 


= 0,S 3 = - 


1,5 4 = 


-2, S 5 = 


-1,S 6 = 


0,S 7 = 


+ P{51 = 


-1,5 2 


= 0,S 3 = - 


1,5 4 = 


-2,S 5 = 


— 1, ^6 = 


-2} 


+ P{51 = 


-i,s 2 


= 0,S 3 = - 


1,5 4 = 


-2, S 5 = 


-3} 




+ P{51 = 


-i,s 2 


= -2,S 3 = 


— 1, 5 4 


= o, S 5 = 


-1,5 6 = 


o,s 7 = 


+ P{51 = 


-i,s 2 


= -2,S 3 = 


-1,5 4 


= 0,S 5 = 


-1,5 6 = 


-2} 


+ P{51 = 


-i,s 2 


= -2,S 3 = 


-1,5 4 


= -2,S 5 


= -l,5 6 


= o,s 7 


+ P{51 = 


-i,s 2 


= -2,S 3 = 


-1,5 4 


= -2,S 5 


= -3} 




+ P{51 = 


-i,s 2 


= -2,S 3 = 


-1,5 4 


= -2,S 5 


= -l,5 6 


= -2} 


+ P{51 = 


-i,s 2 


= -2,S 3 = 


-3, 5 4 


= -2,S 5 


= -l,5 6 


= 0,5 7 


+ P{51 = 


-i,s 2 


= -2,S 3 = 


-3, 5 4 


= -2,S 5 


= -l,5 6 


= -2} 


+ P{51 = 


-i,s 2 


= -2,S 3 = 


—3, 5 4 


= -2,S 5 


= -3} 




+ P{51 = 


-i,s 2 


= -2,S 3 = 


—3, 5 4 


= -4} 







= q 4 (5p 3 + 5p 2 + 3p+l) 



nsi = 


-1,5 2 = 


o,s 3 = - 


-1,5 4 = 0,5 5 = -1,5 6 = 0,5 7 = 1} 


+ P{5i 


= -l,5 2 


= o,s 3 = 


-1,5 4 = -2,S 5 = -1,S 6 = 0,S 7 = 1} 


+ P{5i 


= -l,5 2 


= -2,S 3 


= -1, 5 4 = 0,S 5 = -1,S 6 = 0, 5 7 = 1} 


+ P{5i 


= -l,5 2 


= -2,S 3 


= -1, 5 4 = -2, S 5 = -1,S 6 = 0, 5 7 = 1} 


+ P{5i 


= -i,s 2 


= -2,S 3 


= -3, 5 4 = -2, S 5 = -1,S 6 = 0, 5 7 = 1} 


+ P{5i 


= -i,s 2 


= o,s 3 = 


-1, 5 4 = 0, S 5 = 1, S e = 0, 5 7 = -1} 


+ P{5i 


= -i,s 2 


= -2,S 3 


= -1,5 4 = 0,5 5 = 1,S 6 = 0,S 7 = -1} 


+ P{5i 


= -i,s 2 


= 0,S 3 = 


1, 5 4 = 0, S 5 = -1, S 6 = 0,S 7 = -1} 


+ P{5i 


= -i,s 2 


= 0,S 3 = 


l,5 4 = 0,5 5 = -l,5 6 = -2} 


+ P{5i 


= i,s 2 = 


0,5 3 = - 


-1,5 4 = 0,5 5 = -1,5 6 = 0,5 7 = -1} 


+ P{5i 


= i,s 2 = 


0,5 3 = - 


-l,5 4 = 0,5 5 = -l,5 6 = -2} 


+ P{5i 


= i,s 2 = 


0,5 3 = - 


-1, 5 4 = -2, S 5 = -1, 5 6 = 0, 5 7 = -1} 


+ P{5i 


= i,s 2 = 


0,5 3 = - 


-1, 5 4 = —2, £5 = —1, Se = — 2} 


+ P{5i 


= i,s 2 = 


0,5 3 = - 


-1, 5 4 = —2, S5 = —3} 



= 5pV + 5p 3 q A + 3pV + pq 4 = pq 3 [5p 3 + (5p 2 + 3p + 1)(1 - p)] 
= pq 3 (2p 2 + 2p+ 1). 



35 



r 4 , 8 = F{S 1 = 


— j-j 


<->2 — 




i, 04 


— n — 1 Q„ — n c» — 1 1 

— U, D5 — i, 06 — U, 07 — i) 


4. 






1 C„ 
i, >->2 


— — z, <->3 


_ 1 

- — 


c, n 1 Q„ — n c — 1 \ 

04 — U, 05 — i, 06 — U, 07 — 1} 


+ 






i; J 2 


— n — 

— u, 03 — 


1 C 

— i, O 


'. — n — 1 Q„ — 91 

4 — U, 05 — 1, 06 — zj 


i 


ii 




ij <->2 


— 9 <?o 

— — Z, D3 


_ 1 
- — l ; 


<w — n <?, 1 ^ — 91 

04 — U, 05 — i, 06 — zj 


+ 


ii 




ij >->2 


— n — 

— u, 03 — 


i, O4 


— u, 05 — — i, D% — V, O7 — 1} 


i 


ii 




ij <->2 


— n <?o — 

— u, 03 — 


i, 04 


— n <?r — 1 c„ n 11 


+ 


Pi Si 

ii 




i; '-'2 


— n — 

— u, 03 — 


i, O4 


_ c r _ 1 q„ _ n — 11 

— z , 05 — 1, 06 — u ) ^7 — — 1 / 


i 


P-T5i 

ii 


— i 

— i . 


i <->2 — 


u, 03 — _ 


1, 04 


— n <?r — 1 <?„ — n — 1 1 


+ 


P-f5i 

ii 


— i 

— i , 


<?o — 

- <J2 — 


n — 
u, o 3 — - 


i, 04 




i 


ii \>~J i 


— i 

— i. 


- <->2 — 


n <?o — 

U, <->3 — _ 


1, D4 




+ 


nsi 


— i 

— i , 


<?o — 

- <J2 — 


n c?„ — 1 

U, D 3 — 1 


, <J4 — 


n cv — 1 — n <?„ — 11 


+ 


nsi 


= i. 


, <?2 = 


0,5 3 = 1. 


, D4 — 


n Q„ 1 Q„ _ 91 

U, 05 — — i, D6 — — Zj- 


+ 


nsi 


= i. 


- S2 = 


2,5 3 = 1. 


, 5*4 = 


0,S 5 = -1,5 6 = 0,5 7 = -1} 


+ 




= i. 


, £2 = 


2,5 3 = 1. 


, S4 = 


0,5 5 = -l,5 6 = -2} 


= 5pV + 5p 3 


q A + 2pV + 2y 


-v= 


= 5p 3 g 3 (p + q) + 2pV0 2 + <7 2 ) 



= p 2 g 2 (-p 2 +p + 2). 

The probability distribution of Ts is given by 

r , 8 = g 4 (5p 3 + 5p 2 + 3p+l), n, 8 = 0, r 2)8 = pg 3 (2p 2 + 2p + 1), 

^3,8 = 0, r 4j8 =p 2 q 2 (-p 2 +p+ 2), r 5j8 = 0, 
r M =p 3 g(2g 2 + 2g + l), r 7 , 8 = 0, r 8j8 = p 4 (5g 3 + 5g 2 + 3g + 1). 

We can check that r 0j8 = r 0)7 , r 2i8 = r 2) 2ro,6 = n >7 + r 2j7 , and r 4j8 = r 4i 4r 0i 4 = r 3j7 + r 4j7 . 
On the other hand, (|5.7p yields 

r 2j8 = 2p[a 6 (pg) 3 + a 8 (pg) 4 ] - Aa a e (pq) 4 + 2q[a 2 (pq) + a 4 (^) 2 + ae(^) 3 + as(pg) 4 ] 
- 4[a a 2 (pq) 2 + (a a 4 + a 2 2 )(pqf + (a a 6 + 2a 2 a 4 )(pg) 4 ] 
= pq 2 + 2p 2 q 3 + 5{pqf + 14(pg) 4 - (pg) 2 - 3(pg) 3 - U{pq) 4 
= pq 2 + 2p 2 q 3 - p 2 q 2 + 2p 3 q 3 = pq 3 + 2p 2 q 3 + 2p 3 q 3 = pq 3 (2p 2 + 2p+l) 

r 4j8 = 2[ai(pq) 2 + a 6 (pq) 3 + a%{pq) A ] - 8[aoa 4 (^) 3 + (a a 6 + a 2 a 4: )(pq) 4: ] 
= 2{pq) 2 + 5(pqf + U{pq) 4 - A{pqf - U{pq) A = p 2 q 2 {pq + 2) 

which confirms the results on r 2]8 and r^g. Concerning the conditioned cases, we have 

r o _ o _ o _ o _ o _ -i d 4 4 
r 0,8 — r 2,8 — r 4,8 — r 6,8 _ '8,8 _ L ^P Q > 

r 0,8 = r f,8 = r t,8 = r t,8 = r 7,8 = °' r 2,8 = ^q*, r+ 8 = p 5 q 2 (7q + 2), 

< 8 = P 5 q($q 2 +4(7 + 1), r+ 8 = p 5 (14g 3 + 9q 2 + iq + 1). 

9 Asymptotics: Brownian motion with a linear drift 

In this part, our aim is to retrieve certain probability distributions related to the sojourn 
time in (0, +oo) of Brownian motion with a linear drift. 
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9.1 Rescaled random walk 



We consider a sequence of random walks (S^)keN indexed by N G N, denned by 

k 

$k = $0 + i k ^ i, 

where for each N € N*, (X^j^jq* is a sequence of independent Bernoulli variables with 
jump probabilities depending on N as follows: 

-n _ , n _ 1 , P , „ _ TO r^ _ n _ 1 P 



Pjv =P{Xf = +1} = - + -^= and j Y =P{lf = -l} 



/3 being a fixed parameter. We also define the centered random walk (S^)ken as 

S£ = SS - E{Sg) = S£-p 1 



N 

Let be the corresponding sojourn time in Z + : = Y^=i $f with 
v _ , 1 if (S*/ > 0) or (5/ = and > 0), 

" 1" \ /~\ • r / riw - r\ \ / ry at i-\ i ri at 



j 



if (Sf < 0) or (Sf = and Sf_ t < 0). 



Let us introduce the rescaled random walks 

defined on continuous time t 0. We have 

= BT + pM t>0. 

Donsker's theorem (see, e.g., [U p. 68]) asserts that the sequence of processes (B^)t^o, 
iV^H, weakly converges to the standard linear Brownian motion (Bt)t^o and the sequence 
of processes (B^)t^o, N G N, weakly converges to the drifted Brownian motion (-Bt)t^o 
defined as 

B t = B t + pt, t > 0. 



We now introduce the sojourn times in M + of the processes (B^)t^o and {Bt) 



/ l H+ (Sf)ds and T t = / l R+ (B s )ds. 



We have 



^1 r(j+l)/N f([Nt]+l)/N 

T " = E / 1 R+ (-Sf ) rfa - y 1r+ ) 



i=o 

[Nt] 



j=0 



[at*])- 



(9.1) 
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We compare the sojourn time of the random walk (S^)ke^ an d that of the Brownian 
motion (B t ) t>0 : 



[Nt] ~ 



1 



N ^ 



TVLt - Tf ) + (Tf - T t 



On one hand, for j ^ 1, 



i ^ A iv_fO if (5/ / 0) or (S7 = and Sf_ x > 0), 



and then, 



|i K+ (s7)-^|O {0} (^)- 

On the other hand, by (|9.ip . the following estimate holds: 



1 ^ 



]V [#*] * 



We observe, by (|2.ip . that 

.[Nt] 



E 



^ 1 / Af 

E W^) < E p i^ = °i < J2 b ^Q N ) j/2 = -jr—r = — = o(N) 
j=l J j=i je£ a KPnQn) P 



which implies that T/^^ — Tt tends to in mean. Now, by Donsker's theorem, the 
sequence (Tf)jv g N* weakly converges to Tt (see [TJ p. 72]). This discussion shows that 
N T\Nt] ~ ^-t converges to in mean. As a result, the probability distribution of ^ ^[Nt] 
converges to that of Tt. In the following subsection, we compute this limit. 



9.2 Limiting distribution of the sojourn time 



Theorem 9.1 The probability distribution function of the sojourn time Tt admits the 
following expression: for < s < t, 



"{T t G ds}/ds = < 



1 



2tt 
1 



P + 



1 



2V2tt 

1 



oo -p 2 z/2 



,3/2 



■ dz 



00 p -P 2 -z/2 



.3/2 



dz if p ^ 0, 



2V2^Jt-s z 3/2 



■ dz 



00 e ~P 2 z/2 
^3/2 



dz if p ^ 0. 



The integral e P 3/ J dz can be expressed by means of the error function according as 



oo -p 2 z/2 



y 3/2 



dz = — e- p2a/2 - v / 2^pErfc(pV / o72). 



a 



Let us point out that the density of Tt is known under another form, see formula 2.1.4.8 



m 



L2J. 



Proof. We shall assume that p ^ 0, the case p ^ being quite similar. We begin by 
computing the limit of the following probability as N — > oo: 



[Ns 2 



F{ Sl < 1 Tfa < S2 } = P{[AT Sl ] < Tfr t] < [iV S2 ]} = £ P i T [^l = *>' 

fe=[JVsi]+l 
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• Case where [Nt] is even. Suppose that [Nt] is even and set af = ai(p N q N )^ 2 with 
p N q N = j(l — p 2 /N). By using (|5.20p and (|5.24p . for even integer k such that [Ns\] < 
k ^ [iVs2]> we get 



nT? N tl =k}= P{2? = fc}P{T^ tl _ fc = 0} 



i€£: 
O^iSfc-l 



0<i<[JVt]-fe-l 



Since p is assumed to be non negative, we have by ([2.1 



and we can rewrite (19.21) as 



1 



(9.2) 



iS£: 
i>k 



E 

iG£: 
i^[JVt]-fe 



(9.3) 



We aim to evaluate the limit of the foregoing quantity as N — > 00. For this, we need an 
asymptotic for the sum Yl ie£: a i as k,N ^ 00 with c\N ^ k ^ C2iV for any c\, Ci > 0. 



Lemma 9.2 The following asymptotics holds: for any C\,C2 > such that c\ < C2, 



E 



N 



ay ~ 

i^k 



2 



00 e -p 2 z/2 
k/N Z 3/2 



dz. 



(9.4) 



The proof of this lemma is postponed to the appendix. Set, for z > and s G (0, t) 

-p 2 z/2 



(p(z) 



z 



3/2 



and ip(s,t) 



P + 



1 



2V27T 



<p(z) dz 



<p(z) dz. 



In the light of (j9.3[) and (|9.4p . for even k such that [iVsi] < k ^ [iV^L we have 

1 



[iVt]6£ 



2p 1 

■ + 



iV v / 2^iV 



fc/JV 



v / 2^iV 



([JVt]-fc)/iV 



1 



~ —ib(k/n). 

[Nt\ee 



Finally, 



[Si < ^ T [7Vt] < S 2 



[jvt]e£ fee£: [Jvt]e£ Sl 



[JV sl ]^fc^[iVs2] 



• Case where [TVf] is odd. 

Assume that [Nt] is odd. Then, by invoking (|5.38p . we obtain 



53 P{Zjfo=fc} + ^ P{2gr t] = fc} 



fee£: 

[Ar sl ]<fes;[Afs2] 



fceO: 
[Ar sl ]<fes;[Afs2] 
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= Yl nT { N Nt] = k}+ £ p{^ = *-i} 

[]Vs 1 ]<fe^[JVs2] [ATs 1 ] + l<fc^[iV32] + l 

[Ns 2 ] 

= E nT { N Nt]+1 = k}+e N 

k=[Nsi]+l 

= F{[Ns 1 ]<T$ ft]+1 ^[Ns 2 ]}+e N 
where e N = l ([Ns 2 ])F{T [ N m] = [Ns 2 ]} - lo([JV fll ])P{r^ t] = [N Sl ]}. We have 

\e N \ < F{T$ t] = [N S1 ]} +P{T^ t] = [iV S2 ]} 

< P{T^ ]+1 G {[iV Sl ], [iV Sl ] + 1}} +P{T^ t]+1 € {[iV S2 ], [JV« 2 ] + 1}} 



l 

JV^oo _/Y 

[JVt]eo 
[wtjeo 



Since [iVi] is odd, [Nt] + 1 is even and we can use the foregoing analysis. Hence, 
nsi<^Tf m] ^s 2 } n ^ \ f S \( S ,t)ds. 

[Jvt]eo Sl 

We know that i T/l, -)• T t , then 

1 P 2 1 

P{si < T t < s 2 } = ~ / V(s> *) ds and P{T t G = - ip(s, t) 

which ends up the proof of Theorem |y .11 ■ 

For p = 0, we retrieve the famous Paul Levy's arcsine law for standard Brownian 
motion: for s G (0,£), 

P{T t G ds}/ds ' 



7T 



Remark 9.3 Let t tend to oo in the formula of Theorem 19.11 The limiting random 
variable denotes the total sojourn time in M + and its probability distribution is given 
by 

f if p > 0, 

P{Too G ds}/ds = < \p\ f ^ 

From this, we deduce FlT,^, = oo} = 1 if p ^ 0. If p < 0, 

U /*°° /*°° p-p 2 2/2 i„i /-oo -p 2 z/2 

This is in good accordance with the effect of the drift near infinity. ■ 

Theorem 9.4 The probability distribution functions of Tt\-oo,o){Bt) o,nd T t l( 0)+oo )(-Bt) 
admit the following expressions: for < s < t, 

p - ft e ~P 2 z/2 ^ i ft e -p 2 u/2 _ foe e -p 2 v/2 



{T t eds,B t <0}/ds = - 7 =j s —d Z + -J s -^duj^-^dv, 



p+ ft e -p 2 z/2 1 ft e ~P 2 u/2 roc e -p 2 v/2 
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Proof. Set «j = aiipq) 1 / 2 . We first begin by rewriting r k n as follows. By ()7.3p . we have 



a j a i-j 



2q o^-Apq £ ( E 

i<=S: i<=S: ^ j€E: 

The double sum of the foregoing expression can be written as 

E (E°^-;) = E a n E a ^)= E a i( E 

gn — fc — 2 j + fc^i^n — 2 j^n — fc — 2 fe^i^n— j — 2 

E a <( E a i) = E «4E a J- E 

fe<i^n-2 

E a n E ° 



fc^i^n — 2 j^fi — i — 2 



a., 



j^n — i— 1 



2(pV q) ^ 



k^i^n — 2 fc^z^n — 2 j^rl—i—X 



Therefore, 



2glc,(n)a n _i + 2(q - p) + ^ at+Apq ^ aj ^ ay j 

if=£r if=£r \ tP£! / 



i££: 
k<i<n-2 



££: v JS£: 



Recall that af = ai{p N q N ) % l 2 . We now search an asymptotic for the following probability: 



[Ns 2 ] 



F{ Sl < 1 r^j ^ S2 , sf < o} = £ p i T [^ i ] = fc > V*] < °i 

fc=[iV Sl ]+l 



where 



P{T [ N m] =k,S [Nt] <0} = l s (k) 



2q N l ([Nt])a? Nt] _ 1 + 2( 9iV - p N ) + £ a| 



4 ^ E a H E <) 

i££: ^ jS£: ' 

fc^i^[iVt]-2 j>[JVt]-i-l 



i££: 
*<i^[]Vt]-2 



Observing that, as N — > oo, 



K - ^ > + - ^7=> 4p N q N ~ 1, 2g Jv a^,_ 1 = 0(iV- 3 / 2 ), 



iV 



and invoking (19. 4p . we get, for k £ £, 



nTfr t] =k,S [Nt] <0}~2Jlf 2 £ 



We can easily see that 



iS£: 
fc<i^[iVt]-2 

+^3 E K£) ^ 

iG£: j££: 
fc^i^[]Vt]-2 j^[iVt]-i-l 



fc^i^[]Vt]-2 



(9.5) 



(9.6) 



41 



and 



Moreover, 



E ^(i\r)~T/ y{v)dv~^-l (p(v)dv. 

^ \JS / l J([Nt]-i-l)/N 1 Jt-i/N 

mm]-i-i 



E <p(jf) E K£)~t E Kit) l_ i/N ^ dv 



ies-. ' jee-. iee 

fc<i^[JVt]-2 j>[JV*]— i-1 fc<i<[iVt]-2 



~ — j- / / <f(v) dv. (9-7) 

/fc/jV Jt-u 



4 



X ± (s,t) = -^=y (f(z)dz + — J (p(u)du I ip(v)dv. 



Put now 



In the light of (|9~3j) . (f9UD and ([921), we derive 

^ • - 1 



t—u 



F{T$ t] = k,S [m] < 0} N ^- x -(k/N,t) 
and finally 

F{ S1 < Irfo < S2) 5f < o} ~ 1 53 x"(W*) ^ 5 r x ~ Mds - 

' ' L.r- C . "SI 



[JV Sl ]<fc^[iV S2 ] 



Since T^ t] l(_oo,o) i B t ) T t\~ oo ,0)( B t), we deduce that 



P{si < T t <: s 2 ,B t < 0} = X - f \-(s,t)ds and F{T t E ds,B t < Q}/ds = ^ X ~(s,t). 

We can prove in a quite similar way that 

P{T t eds,B t >0}/ds = - x +(t-s,t). 

This last result can be deduced also from the previous one by invoking a duality argument 
related to drifted Brownian motion. Indeed, setting more precisely Bt = -Bf and Tt = T+ , 
it can be easily seen that (B£, T£) and (—B^~ p , t — TJ~ P ) have the same distributions. This 
explains why the term x~( s ^) is changed into x + (^ — s >t)- The proof of Theorem 19.41 is 
finished. ■ 

For p = 0, we retrieve the well-known results for standard Brownian motion: for 

s 6 (0,t), 



P{T t G ds,B t < 0}/ds = — J- — - and P{T t € da, B t > 0}/ds = — 

irt V s TTtyt — s 



10 Appendix 



Proof of Lemma 19. 21 The main idea is roughly speaking that, referring to Stirling 
formula for cu, 



1 



i + 2\i/2i a/vtz 



2*+i/2 



3/2 



and (p^^) 



i/2 



4 V iV 



2 N Tt/2 



1 

r\j — - 

i,JV->oo 2* 
i/JV 2 ->0 



-p 2 i/(2JV) 
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Then, recalling that af = ai(p N q N )^ 2 , 
and next 



For making the things more precise, let us write that 



V-n) =exp 

from which we see that 



In 



('-£)! 



-p 2 i/(2N) 



cxp 



V N J i,N -too 



Pick e > 0. There exists an integer iVo such that, for any N ^ AT , for any i,k € £ such 
that ciN < fe < i < iV 3 / 2 , 



-p 2 i/(2iV) 



and for any i,k £ £ such that c±N ^ ^ i A (C2-/V), 
Then, for any N ^ N$ and any fc such that ciiV ^ ^ C2iV, 



u-)^ E K^E^(^)^E^)- 



ie£ 



Remarking that ip is decreasing, we have 



/ V(z)^^ wHo <p(z)dz. 

Ji/N Viv/ 2 J(i-2)/N 



Then 



fc \ N 



iee-. 

i^k 



which shows, since we plainly have for c\N ^ k ^ C2iV, ip(k/N) = o(N J^ N ip(z) dz), that 



E 



<*P 



K NJ k,N^oo 
ieS: Cl JV<Cfc^c 2 iV 



n r°° 

2 Jk/N 



<p(z) dz. 



(10.2) 



On the other hand, 



(10.3) 



k^i^N 3 / 2 



ieS: 
i^k 



i£E: 
i>N 3 / 2 
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The last sum in (|10.3p can be estimated as follows: 

/ % \ N f°° . , , / [iV 3 / 2 ] \ / [N 3 / 2 ] + 1 



iG£: 
4>JV 3/2 



OC 



= o(iV). (10.4) 

>oo Z ./,/]v TV— s>oo 



Putting (PUZD and (fT04"l) into (fTfOjl . we obtain that 



fc<i<JV 3 / 2 



and next putting (|10.2p and (|10.5p into (jlO.ip . we find, for N large enough and c\ N ^ sj C2N, 
that 

y^^Jk/N j^. V^iy Jk/ 



<p(z) dz 

Ik/N ~ V 71 iv ./fc/iV 



from which we finally deduce ([97 
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